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Abstract: Let F = FN be the distribution of a finite real population of size N . Let
F̂ = FN be the empirical distribution of a sample of size n drawn from the population
without replacement. We prove the following remarkable inversion principle for obtaining
unbiased estimates. Let T (FN ) be any product of the moments or cumulants of FN . Let
Tn,N (FN ) = ET (Fn). Then ETN,n (Fn) = T (FN ). We also obtain an explicit expression
for Tn,N (FN ) for all T (FN ) of order up to 6.
We also prove the following related result. If Fn and FN are the sample and popu-
lation distributions, the only functionals for which ET (Fn) = λn,NT (FN ) are noncentral
moments, and generalized second and third order central moments. For these three cases the
eigenvalues are λn,N = 1,
(
1− n−1
) (
1−N−1
)−1
, and
(
1− n−1
) (
1− 2n−1
) (
1−N−1
)−1 (
1− 2N−1
)−1
respectively.
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1 Introduction
Given a random sample of size n without replacement say X1, . . . ,Xn from a finite real pop-
ulation x1, . . . , xN with distribution F (x) = N
−1
N∑
i=1
1 (xi ≤ x), mean µ = m1 = N
−1
N∑
i=1
xi,
rth moment mr = N
−1
N∑
i=1
xri , rth central moment µr = µr(F ) = N
−1
N∑
i=1
(xi − µ)
r and
rth cumulant κr, we obtain unbiased estimates (UEs) for products of them
m (1r12r2 · · · ) = mr11 m
r2
2 · · · ,
µ (1r12r2 · · · ) = µr1µr22 µ
r3
3 · · · ,
κ (1r12r2 · · · ) = κr11 κ
r2
2 · · ·
and for products of the joint central moments
µ (1r12r2 · · · ) = E (µ̂− µ)r1 (µ̂2 − E µ̂2)
r2 · · ·
1
and for products of the corresponding joint cumulants κ (1r12r2 · · · ), for weight ≤ 6, where
the weight is
r (1r12r2 · · · ) = 1 · r1 + 2 · r2 + · · · that is r(pi) = pi1 + pi2 + · · ·
for pi = (pi1, pi2, . . .) a partition of r. We assume all partitions pi are put into ascending
order (1r12r2 · · · ). For example, we write
(
122
)
or (112) rather than
(
212
)
or (121).
Our UEs are given in terms of
m̂ (1r12r2 · · · ) = m̂r11 m̂
r2
2 · · · , and µ̂ (1
r12r2 · · · ) = µ̂r1µ̂r22 · · · ,
respectively, where
µ̂ = m̂1 = X = n
−1
n∑
i=1
Xi, m̂r = n
−1
n∑
i=1
Xri , µ̂r = µr
(
F̂
)
= n−1
n∑
i=1
(
Xi −X
)r
and F̂ (x) = n−1
n∑
i=1
1 (Xi ≤ x), the sample distribution.
For pi a partition of r, Section 2 gives Em̂(pi) and an UE of m(pi) for r ≤ 6. Section 3
gives Eµ̂(pi) and an UE of µ(pi) for r ≤ 6.
We discover a remarkable inversion principle. A result of this is that these UEs do not
require having to invert any matrices or solve any sets of linear equations. Set
m(r) = {m(pi) : pi a partition of r} ,
µ(r) = {µ(pi) : pi a partition of r} ,
K(r) = {K(pi) : pi a partition of r} .
In Section 2, we derive a matrix Br = Br(N,n) from Skellam (1949) such that Em̂(r) =
Brm(r), so Br(N,n)
−1m̂(r) is an UE of m(r).
In Section 3, we derive a matrix Cr = Cr(N,n) From Sukhatme (1944) such that
Eµ̂(r) = Crµ(r), so Cr(N,n)
−1
µ̂(r) is an UE of µ(r). So, expressing cumulants in terms of
moments as K(r) =Grm(r), where Gr is a matrix of constants, it follows that
E K̂(r) = Dr(N,n)K(r) where Dr(N,n) = GrCr(N,n)G
−1
r . (1)
The inversion principle proved in Section 7 states the following amazing result.
Br(N,n)
−1 = Br(n,N), Cr(N,n)
−1 = Cr(n,N), Dr(N,n)
−1 = Dr(n,N). (2)
This implies that for T (F ) a product of moments or cumulants, if Tn,N (F ) = ET
(
F̂
)
then ETN,m
(
F̂
)
= T (F ). In a later paper we shall extend this result to more general
functionals.
Section 4 gives equivalent multivariate results to those of Section 3. For partitions
pi1, pi2, . . ., set
µ (pi1, pi2, . . .) = µ (pi1)µ (pi2) · · ·
2
and
κ (pi1, pi2, . . .) = κ (pi1)κ (pi2) · · ·
Section 5 gives Eµ̂ (pi1, pi2, . . .) and an UE of µ (pi1, pi2, . . .) up to total order 6, in particu-
lar UEs for µ (1r). MAPLE was used to simplify the UE of µ (1r) given by Dwyer and Tracy
(1980) for r ≤ 5 and to confirm they agreed with our results. Earlier, Nath (1968,1969)
gave µ (1r) for r = 3, 4 and UEs for them.
Section 6 gives Eκ̂ (pi1, pi2, . . .) and an UE of κ (pi1, pi2, . . .) up to total order 6.
Section 7 also proves a multivariate inversion principle: in this case the dimension nr×nr
in (1.7) jumps to Nr ×Nr, where
nr is the number of partitions of r, Nr =
pi∑
r
P (pi)
and P (pi) is the partition function
P (1r12r2 · · · ) = r!/
∏
i=1
(i!riri!) (3)
for r =
∑
i=1
iri.
Section 8 proves the following related result. The only functionals T (F ) for which
λn,N = ET (Fn) /T (F ) does not depend on F
are of the form
T (F ) = ES(X), µt1,2(F ), µ
u
1,2,3(F ),
where
µt1,2(F ) = E {t(X,X) − t(X,Y )} , µ
u
1,2,3(F ) = E {u(X,X,X) − u(X,Y, Y )− u(Y,X, Y )− u(Y, Y,X) + 2u(X,Y,Z)} ,
where X,Y,Z are independent with distribution F . For these three cases λn,N = 1,(
1− n−1
)
/
(
1−N−1
)
and
∏2
i=1
{(
1− in−1
)
/
(
1− iN−1
)}
.
Pierce (1940) gives transformations that allow one to obtain noncentral moments up to
order six for finite populations from those for infinite populations. He also covers the case
where the sample values X1, . . . ,Xn may have different moments.
We shall use pi for a partition of r, pi− for a partition of r excluding one’s say pi− =
(2r23r3 · · · ) with 2r2 + 3r3 + · · · = r, and pi+ for a partition of r including at least one 1.
Let nr be the number of partitions of r, and Nr the sum of the partitions of r. We also
partition vectors and matrices using subscript + and −−. For example,
µ−(r) = {µ (pi−)} , µ+(r) = {µ (pi+)} ,
and
Br = Br(N,n) =
(
B−−r 0
B+−r B++r
)
3
since B−+r = 0.
Since also C−+r = D−+r = 0, the inversion principle (1) implies
B−−r(N,n)
−1 = B−−r(n,N), C−−r(N,n)
−1 = C−−r(n,N), D−−r(N,n)
−1 = D−−r(n,N), (4)
so that
B−−r(n,N)m̂−(r) is an UE of m−(r),
C−−r(n,N)µ̂−(r) is an UE of µ−(r),
and
D−−r(n,N)K̂−(r) is an UE of K−(r).
The number of parts in pi is denoted by q(pi):
q (1r12r2 · · · ) = r1 + r2 + · · ·
Set (n)i = n(n− 1) · · · (n− i+ 1) = n!/(n − i)!.
2 Products of non central moments
Here, we derive the result
Em̂(r) = Brm(r), (5)
wherem(r) = {m(pi)} and m(pi) = mpi1mpi2 . . . for pi = (pi1, pi2, . . .). Skellam (1949) showed
that
ESa1 · · · Sas =
s∑
pi
λ(pi)
P (pi)∑
sRpi1 sRpi2 · · ·
for
Sr =
n∑
i=1
Xri = nm̂r, sr =
N∑
i=1
xri = Nmr,
where
s∑
pi
sums over partitions pi of s, the partition function P (pi) is given by (3), Rpi1 =
a1 + · · ·+ api1 , Rpi2 = api1+1 + · · ·+ api1+pi2 , etc and
P (pi)∑
sums over all P (pi) such terms and
λ(pi) = λpi is the Carver function. For example,
E Sa1Sa2Sa3 = λ(3)sa1+a2+a3 + λ(12)
3∑
sa1+a2sa3 + λ
(
13
)
sa1sa2sa3
4
and
ESa1 · · ·Sa5 = λ(5)sa1+...+a5 + λ(14)
3∑
sa1+...+a4sa5
+λ(23)
10∑
sa1+a2+a3sa4+a5 + λ
(
123
) 10∑
sa1+a2+a3sa4sa5
+λ
(
122
) 15∑
sa1+a2sa3+a4sa5 + λ
(
132
) 10∑
sa1+a2sa3sa4sa5
+λ
(
15
)
sa1 · · · sa5 , (6)
where
λ(3) = e1 − 3e2 + 2e3, λ(12) = e2 − e3, λ
(
13
)
= e3,
λ(5) = e1 − 15e2 + 50e3 − 60e4 + 24e5,
λ(14) = e2 − 7e3 + 12e4 − 6e5,
λ(23) = e2 − 4e3 + 5e4 − 2e5,
λ
(
123
)
= e3 − 3e4 + 2e5,
λ
(
122
)
= e3 − 2e4 + e5,
λ
(
132
)
= e4 − e5,
λ
(
15
)
= e5,
where ej = (n)j/(N)j . He wrote (5) out in full for s ≤ 4. We extend this to s ≤ 6 in
Appendix E. Set
S(r) = {Spi1Spi2 · · · : (pi1, pi2, . . .) a partition of r} ,
and similarly for s(r). It follows from (5) that
ES(r) = Ars(r), (7)
where
Ar =
{
A
pi,pi′ : pi,pi
′
partitions of r
}
5
and A1, . . . ,A6 are as follows:
A1 = λ1, A2 =
(
λ1
λ2 λ11
)
, A3 =
 λ1λ2 λ11
λ3 3λ12 λ13
 ,
A4 =

λ1
λ2 λ11
λ2 0 λ11
λ3 2λ12 λ12 λ13
λ4 4λ13 3λ22 6λ122 λ14
 ,
A5 =

λ1
λ2 λ11
λ2 0 λ11
λ3 2λ12 λ12 λ13
λ3 λ12 2λ12 0 λ13
λ4 3λ13 λ13 + 3λ22 3λ122 3λ122 λ14
λ5 5λ14 10λ23 10λ113 15λ22 10λ12 3λ15

,
A6 =

λ1
λ2 λ11
λ2 0 λ11
λ2 0 0 λ11
λ3 2λ12 λ12 0 λ11
λ3 λ12 λ12 λ12 0 λ13
λ3 0 3λ12 0 0 0 λ13
λ4 3λ13 λ13 + 3λ22 0 3λ122 3λ122 0 λ14
λ4 2λ13 2λ13 + λ22 2λ22 λ122 4λ122 λ122 0 λ14
λ5 4λ14 λ14 + 6λ23 4λ23 6λ113 4λ113 + 12λ122 3λ122 4λ132 6λ132 λ15
λ6 6λ15 15λ24 10λ33 15λ124 60λ123 15λ23 10λ133 45λ1222 15λ142 λ16
 .
Since Sr = nm̂r and sr = Nmr, (7) implies (5) with
Br = D
−1
r,nArDr,N ,
where Dr,N = diag
{
N q(pi) : r(pi) = r
}
. For example, D4,N = diag
(
N,N2, N2, N3, N4
)
.
Writing
Ar(N,n) = Ar =
{
A
pi,pi′ (N,n) : pi,pi
′
partition of r
}
,
Br(N,n) = Br =
{
Bpi,pi′(N,n) : pi,pi
′
partitions of r
}
,
it follows from (5) that
Em̂pi1m̂pi2 · · · =
r∑
pi
′
B
pi,pi′ (N,n)mpi′
1
mpi′
2
· · · = bpi(N,n,m)
say. By the inversion principle
Br(N,n)
−1 = Br(n,N),
so bpi (n,N, m̂) is an UE of mpi1mpi2 · · · . For example,
Em̂31 = n
−3
(
λ3Nm3 + 3λ21N
2m2m1 + λ13N
3m31
)
,
so N−3
(
λ3nm̂3 + 3λ21n
2m̂2m̂1 + λ13n
3m̂31
)
is an UE of m31, where λpi is λpi with n and N
reversed.
6
Example 2.1 Suppose that the population consists of Np ones and N(1 − p) zeros. Then
mr = p for r > 0, so
E (np̂)r =
r∑
pi
λpiP (pi)(Np)
q(pi) .
So,
Ep̂r = n−r
r∑
i=1
ar,i(N,n)(Np)
i = br(N,n, p)
say, where
ar,i(N,n) =
r∑
pi
{λpiP (pi) : q(pi) = i} ,
and an UE of pr is br (n,N, p̂). This implies another inversion principle: ar = ar(N,n) =
{ai,j(N,n)}, r × r with ai,j = 0 for i < j has inverse ar(n,N). The first six are given by
ar =
(
ar−1 0
c
′
r λ1r
)
,
where c
′
r = (ar,1, . . . , ar,r−1) are
c2 = λ2, c
′
3 = (λ3, 3λ12) , c
′
4 = (λ4, 4λ13 + 3λ22, 6λ122) ,
c
′
5 = (λ5, 5λ14 + 10λ23, 10λ113 + 15λ122, 10λ132) ,
c
′
6 = (λ6, 6λ15 + 15λ24 + 10λ33, 15λ124 + 60λ123 + 15λ23 , 20λ133 + 45λ1222 , 15λ142) .
The block matrix A =
(
A1,1 0
A2,1 A2,2
)
has A−1 =
(
A−11,1 0
A2,1 A−12,2
)
, where A2,1 =
−A−12,2A2,1A
−1
1,1. So, ifA = A(N,n) thenA(N,n)
−1 = A(n,N) if and only ifAi,i(N,n)
−1 =
Ai,i(n,N), i = 1, 2 and −A2,2(n,N)A2,1(N,n)A1,1(n,N) = A2,1(n,N).
Example 2.2 Suppose F is Poisson (λ), that is for i ≥ 0 a proportion pi = e
−λλi/i! of
the population equal i. This implies that N = ∞, but the algebra can be carried out as if
N < ∞, then N = ∞ substituted at the end. For i ≥ 1 the Stirling numbers of the second
kind Si,1, . . . , Si,i are defined by
ji =
i∑
k=1
Si,k(j)k.
Then mi = EX
i =
i∑
k=1
Si,kλ
k. So, (m1, . . . ,mr) = (λ, . . . , λ
r)α
′
r, where αr = (Si,j) is r× r
and Si,j = 0 for j > i. So, α
′−1
r (m̂1, . . . , m̂r) is an UE of (λ, . . . , λ
r).
But other UEs of λr can be obtained from products of {m̂i}. For example,
E (nm̂1)
r =
r∑
i=1
dr,iN
i,
7
where
dr,i =
r∑
pi
{λpiP (pi)mpi1mpi2 · · · : q(pi) = i} ,
Thus,
E (nm̂1)
2 =
(
λ2 + λ
)
λ2N + λ
2λ11N
2
=
(
λ2 + λ
)
n+ λ2(n)2 at N =∞.
So, at N =∞, an UE of θ = λ2 is θ̂1 = m̂
2
1 − n
−1m̂1.
But by above θ̂2 = m̂2 − m̂1 is also an UE.
One can now apply (6) to calculate var θ̂1, var θ̂2 to see when θ̂1 is more efficient than
θ̂2.
3 Products of powers of the mean and central moments and
the Inversion Principle
Here, we derive Eµ̂(pi) and the UE of µ(pi) = µpi1µpi2 · · · , where µ1 = µ. We also elaborate
on the inversion principle (2).
By Sukhatme (1944),
Eµ̂ (pi−) =
r∑
pi
′
−
C
pi−,pi′−
µ
(
pi
′
−
)
, (8)
where C
pi−,pi′−
is given for r ≤ 6 in terms of ej = (n)j/(N)j .
Set
µ−(r) = {µ (pi−) : r (pi−) = r} , µ+(r) = {µ (pi+) : r (pi+) = r} ,
µ
′
(r) =
(
µ
′
−(r),µ
′
+(r)
)
= {µ(pi) : r(pi) = r}′ ,
where r(pi) = pi1 + pi2 + · · · , the order of pi. In particular,
µ−(2) = µ2, µ−(3) = µ3, µ−(4) =
(
µ4, µ
2
2
)′
, µ−(5) = (µ5, µ2µ3)
′ ,
µ−(6) =
(
µ6, µ2µ4, µ
2
3, µ
3
2
)′
,
µ+(2) = µ
2, µ′+(3) =
(
µµ2, µ
3
)
,
µ
′
+(4) =
(
µµ3, µ
2µ2, µ
4
)
,
µ
′
+(5) =
(
µµ4, µµ
2
2, µ
2µ3, µ
3µ2, µ
5
)
,
µ
′
+(6) =
(
µµ5, µµ2µ3, µ
2µ4, µ
2µ22, µ
3µ3, µ
4µ2, µ
6
)
.
Let µ̂−(r), µ̂+(r), µ̂(r) denote their sample versions, that is with F replaced by F̂ .
Then the result (8) can be written as
Eµ̂−(r) = C−−rµ−(r),
8
where C−−r =
(
C
pi−,pi′−
: pi−,pi
′
− partitions of r excluding ones
)
. So, µ˜−(r) = C
−1
−−rµ̂−(r)
is an UE of µ−(r). The coefficients of Cpi−,pi′− are given in Appendix A for r ≤ 6.
Sukhatme (1944) gives
{
C
pi,pi′
}
such that
E (µ̂− µ)r1 µ̂r22 µ̂
r2
3 · · · =
r∑
pi
′
−
C
pi,pi
′
−
µ
(
pi
′
−
)
for pi = (1r12r2 · · · ). To obtain Eµ̂r1 µ̂r22 µ̂
r3
3 · · · , one just expands µ̂
r1 = (δ + µ)r1 , where
δ = µ̂− µ. So, one obtains
Eµ̂(pi) =
r∑
pi
′
Cpi,pi′µ
(
pi
′
)
,
that is
Eµ̂(r) = Crµ(r),
where Cr =
(
Cpi,pi′ : pi,pi
′ partitions of r
)
and
C1ipi−,1jpi′− =
(
i
j
)
C1i−jpi−,pi′− (9)
for pi−,pi
′
− partitions excluding ones with i + r(pi) = j + r (pi
′), and the left hand side of
(9) is zero if j > i. For completeness
{
Cpi,pi′
}
are given in Appendix A for r ≤ 6. An UE
of µ(r) is µ˜(r) = C
−1
r µ̂(r). So, by (10) below
µ˜+(r) = C
2,1
r µ̂−(r) + C
2,2
r µ̂+(r)
is an UE of µ+(r).
Note that for pi1,pi2, . . . partitions of r1, r2, . . .
Eµ̂ (pi1)Eµ̂ (pi2) · · · =
r1∑
pi
′
1
r2∑
pi
′
2
· · ·C
pi1,pi′1
C
pi2,pi′2
· · ·µ
(
pi
′
1 + pi
′
2 + · · ·
)
,
where
µ (1r1,12r1,2 + · · ·+ 1r2,12r2,2 + · · ·+ · · · ) = µ (1r12r2 · · · )
for r1 = r1,1+r2,1+ · · · , r2 = r1,2+r2,2+ · · · , etc. So,
∏
i
Eµ̂ (pii) has the form
r∑
pi
Dpiµ(pi),
where r = r1 + r2 + · · · and has UE
r∑
pi
′
D∗
pi
′ µ̂(pi), where D∗
pi
′ =
r∑
pi
DpiC
pi,pi′ . For example,
in this way we can write down UEs for µr1 (Eµ̂2)
r2 (Eµ̂3)
r3 · · · for r1 + 2r2 + 3r3 + · · · ≤ 6.
Since Cr has the form
(
C1,1 0
C2,1 C2,2
)
with C1,1 = C−−r, its inverse is
C−1r =
(
C1,1r 0
C2,1r C
2,2
r
)
(10)
9
with C1,1r = C
−1
1,1, C
2,1
r = −C
−1
2,2C2,1C
−1
1,1 and C
2,2
r = C
−1
2,2.
However, this dimension-reduction method to obtain C−1r is not necessary due to the
inversion principle, Cr(N,n)
−1 = Cr(n,N). This implies C−−r(N,n)
−1 = C−−r(n,N)
as noted in (4). This result was discovered using MAPLE and has been verified for the
C−−r, Cr of Appendix A, that is for {C−−r : r ≤ 6}, {Cr : r ≤ 5}. Its proof is given
in Section 7. Setting
(
Cpi,pi
′
)
= C−1r and C
pi,pi′(N,n) = Cpi,pi
′
, we can write these as
Cpi,pi
′
(N,n) = Cpi,pi′(n,N) and C
pi−,pi′−(N,n) = C
pi−,pi′−
(n,N).
We now show how to obtain UEs for products of cumulants. The rth cumulant κr may
be written as
κr = a
′
rµ−(r)
for r ≥ 2, where a2 = a3 = 1, a4 = (1,−3), a5 = (1,−10), a6 = (1,−15,−10, 30). So,
κ˜r = a
′
rµ˜−(r) is an UE for κr. For the case N = ∞, Fisher (1929) gave these k-statistics,
µ−(r) for r ≤ 6 and their joint cumulants. Sukhatme obtained Cpi,pi′ using Fisher’s method.
Wishart (1952) gave tables for the poly-kays, kr1,r2,..., the UE of κr1κr2 · · · , in terms
of the symmetric functions. This is reproduced in Appendix Table 11 of Stuart and Ord
(1987) who use lr1,r2,... for κr1,r2,.... The symmetric functions are given by their Appendix
Table 10 in terms of the power sums sr =
∑
i
xri . However, no explicit formulae for the
polykays in terms of the sample moments or cumulants appear to be available. We rectify
this in Appendix D, not by using Tables 11 and 10, but by writing
κpi1κpi2 · · · =
{
a(pi)′µ−(r), if pi = (pi1, pi2, . . .) does not contain 1,
b(pi)′µ(r), if pi contains 1,
where r = pi1 + pi2 + · · · . So the UE of κpi1κpi2 · · · is a (pi)
′
µ˜−(r) or b(pi)
′
µ˜−(r).
In Section 12.22, Stuart and Ord (1987) give a number of references on this subject, and
say that Dwyer and Tracy (1980) give UEs for products of central moments. This is not so:
they give the multivariate equivalent of the UE for E
(
X − µ
)r
for r ≤ 5. They also give
Eµ̂r and E
(
X − µ
)r
for r ≤ 6 by a different method, or rather the equivalent multivariate
results.
An alternative method of getting UEs for E
(
X − µ
)r
, and indeed for E
(
X − µ
)i
µ̂ (pi−)
is to note that
E
(
X − µ
)i
µ̂ (pi−) =
r+i∑
pi
′
−
C1ipi−,pi′−µ
(
pi
′
−
)
and so by (1) has UE
r+i∑
pi
′′
−
D1ipi−,pi′′− µ̂
(
pi
′′
−
)
,
where
D1ipi−,pi′′− =
r+i∑
pi
′
−
C1ipi−,pi′−C
pi
′
−
,pi′′
− ,
10
and Cpi
′
−
,pi′′
− = C
pi
′
−
,pi′′
−
(n,N).
Set µ∗a = n
−1
n∑
i=1
(Xi − µ)
a. Given a partition pi of r and a set of numbers {a1, . . . , ar},
the set can be divided into groups of sizes pi1, pi2, . . . in P (pi) ways. Let Rj =
∑
ai summed
over the jth group. By (8),
E
r∏
i=1
µ∗ai = n
−r
r∑
pi
λ(pi)N q(pi)
P (pi)∑
µR1µR2 · · · . (11)
Skellam (1949) checked Sukhatme’s first seventeen formulas using (8) and also checked
all his λ(pi). We now use (8) to obtain the formula for E (µ̂− µ) µ̂5 overlooked by Sukhatme.
Note that
(µ̂− µ) µ̂5 = µ
∗
1
{
µ∗5 − 5µ
∗
1µ
∗
4 + 10µ
∗2
1 m
∗
3 − 10µ
∗3
1 m
∗
2 + 4µ
∗5
1
}
.
By (11),
n2Eµ∗1µ
∗
5 = λ(2)Nµ6,
n3Eµ∗21 µ
∗
4 = λ(3)Nµ6 + λ(21)N
2µ2µ4,
and so on. Collecting terms, E (µ̂− µ) µ̂5 =
6∑
pi−
C15,pi− m (pi−), where
{
C15,pi−
}
are given
in Appendix A.
By (9),
{
C15,pi+
}
are given by C15,1jpi = C5,pi if j = 1 and C15,1jpi = 0 if j > 1. Note
that λ(pi) has the form
λ(pi) =
r(pi)∑
j=q(pi)
cjej
with
cq(pi) = 1, cr(pi) =
∏
i=1
(−1)pii−1 (pii − 1)! = (−1)
r(pi)−q(pi)
∏
i
(pii − 1)!.
Now supposeX1, . . . ,Xn is a random sample from an infinite population. Then Sukhatme
noted that the same results (1.6), (1.17) hold with N iej = 0 for i < j and N
jej = (n)j .
Thus only the first term in the expansion
λ(pi) =
r(pi)∑
j=q(pi)
cjej
makes a contribution: N q(pi)λ(pi) = cj(n)j at j = q(pi).
Since the infinite population is that of most interest, we give these simplified formulas
for Cpi,pi′ in Appendix B. Because of the inversion principle, for obtaining UEs for N =∞
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we need Cpi,pi′ at n = ∞. These are given in Appendix C. Putting n = ∞ is the same as
putting n−iej = 0 for i > j and n
−jej = 1/(N)j . Thus only the last term in the expansion
λ(pi) =
r(pi)∑
j=q(pi)
cjej
makes a contribution: n−r(pi)λ(pi) = cj/(N)j at j = r(pi). For example,
C12,3 = N
{
λ(1)n−1 − λ(2)n−2
}
= N
{
e1n
−1 − (e1 − e2)n
−2
}
=
{
(n)1
(
n−1 − n−2
)
, at N =∞,
N {1/(N)1 + 1/(N)2} , at n =∞.
These results agree with James (1958) who gave UEs of µr for r ≤ 6, N =∞.
4 Multivariate extensions
For the multivariate case one considers the population x1, . . . , xN to be in R
r not R. For
X = (X1, . . . ,Xr)
′ ∼ F ,define its cross-moments as
mr.i1,...,ir = E Xi1 · · ·Xir , µr.i1,...,ir = E(Xi1 −m1.i1) · · ·E(Xir −m1.ir)
and cross-cumulants as κr.i1,...,ir . (The subscript r. serves to avoid confusion with the uni-
variate notation.)
Fisher noted that the UE of κr.1,...,r follows from that of κr for the univariate problem.
In the same way for t,X in Rr, µr.1,...,r is just the coefficient of t1 · · · tr/r! in µr(Y ) for
Y = t′X. But for a(x) : Rr → R any function, and Y = a(X), the UE of µr(Y ) is as given
previously with Xj replaced by a(Xj).
For example µ˜2/(1 − n
−1) implies µ˜2.11 = µ̂2.11/(1 − n
−1) is an UE of µ2.11 where µ̂2.11 =
µ2.11(F ).
The same method gives expectations for products of sample cross-moments and UEs for
products of cross-moments for the multivariate versions of
µ2, µ
2, µ3, µ
3, µ4, µ
2
2, µ
4, µ5, . . . but fails for the multivariate versions of
µ2µ, µ3µ, µ2µ
2, µ3µ2, . . . (12)
For example the coefficient of 2t1t2 in
Eµ̂2 = C12.2µ2 + C12.12µ
2 is Em̂1.1m̂1.2 = C12.2µ2.12 + C12.12m1.1m1.2
and in
E(C1
2.2µ̂2 + C
12.12µ̂2) = µ2 is E(C1
2.2µ̂2.12 + C
12.12m̂1.1m̂1.2) = m1.1m1.2,
12
but the coefficient of 3!t1t2t3 in Eµ̂2µ̂ = C21.3µ3 + C21.21µ
2µ is
E(
3∑
µ̂2.12m̂1.3)/3 = C21.3µ3.123 + C21.21(
3∑
µ2.12m1.3)/3 (13)
where
∑3 µ2.12m1.3 = µ2.12m1.3 + µ2.23m1.1 + µ2.13m1.2.
However from (2.2) one might surmise that
Eµ̂2.12m̂1.3 = C21.3µ3.123 + C21.21µ2.12m1.3
which is correct, as can be shown from the multivariate symmetric function
〈21〉n123 =
′∑
Xi1Xi2Xj3/(n)2 has mean 〈21〉
N
123 =
′∑
xi1xi2xj3/(N)2.
Similarly, the analogous results for (2.1) and (3.1) also hold.
These can be written for fixed i1, · · · , ir in { 1, · · · , r } as
Em̂(pi)r.i1,...,ir =
r∑
pi′
Bpi.pi′m(pi
′)r.i1,...,ir (14)
and Em̂u(pi)r.i1,...,ir =
r∑
pi′
Cpi.pi′mu(pi
′)r.i1,...,ir (15)
where for pi1 ≤ pi2 ≤ . . . ,m(pi)r.i1,...ir , = mpi1.i1...ipi1mpi2.j1...jpi2 . . . where jk = ik+pi1 ,and
µ(pi)r.i1,...,ir is similarly defined,
Bpi.pi′ = P (pi
′
)−1Bpi.pi′
P (pi)∑
and
Cpi.pi′ = P (pi
′
)−1 Cpi.pi′
P (pi
′
)∑
are now operators. For example
m(12)3.ijk = m1.im2.jk (16)
so Em̂1.im̂2.jk = B12.3m3.ijk +B12.12m1.im2.jk +B12.13m1.im2.jm3.k,
= n−2(λ2Nm3.ijk + λ11N
2m1.im2.jk) (17)
Similarly m(13)3.ijk = m1.im2.jm3.k so
Em̂1.im̂2.jm̂3.k = B13.3m3.ijk +B13.12m1.im2.jk +B13.13m1.im1.jm1.k
= n−3(λ3Nm3.ijk + λ21N
2
3∑
m1.im2.jk + λ13N
3m1.im1.jm1.k). (18)
13
Note that (3.7) involves
∑3m1.im2.jk but (3.6) only m1.im2.jk.
Set m(i1...ir)
= {m(pi)r.j1...jr : pi partition of r, (j1 . . . jr) a permutation of (i1 . . . ir)} (19)
For example
m(ijk) = (m3.ijk,m1.im2.jk,m1.jm2.ki,m1.km2.ij ,m1.im1.jm1.k)
′
(20)
So m(i1...ir) has dimension Nr =
∑r
pi P (pi). Then (4.3), (4.4) can be written as
Em̂(i1...ir) = Brm(i1...ir), Em̂u(i1...ir) = Crmu(i1...ir), (21)
where Br,Cr are Nr ×Nr.
This form is most useful for (i1 . . . ir) = (1 · · · r) : other cases where 2 or more of i1 . . . ir
are equal could have their dimension reduced. But we shall achieve this shortly anyway
from (4.10).
Because Nr is also the number of multivariate symmetric functions, the proof of the
univariate invariance principle given in Section 7 extends immediately to prove the mul-
tivariate invariance principle :
Br(N,n) = Br and Cr(N,n) = Cr satisfy (22)
Br(N,n)
−1 = Br(n,N) and Cr(N,n)
−1 = Cr(n,N). (23)
So Br(n,N)m̂(i1...ir) is an UE of m(i1...ir),
and Cr(n,N)m̂u(i1 . . . ir) is an UE of mu(i1...ir).
That is,
r∑
pi′
P (pi′)−1Bpi.pi′
P (pi
′
)∑
m̂(pi
′
)r.i1,...ir is an UE of m(pi)r.i1...ir (24)
and
r∑
pi′
P (pi
′
)−1Cpi.pi′
P (pi
′
)∑
m̂u(pi
′
)r.i1...ir is an UE of mu(pi)r.i1...ir . (25)
For example letting λpi denote λpi with (N,n) reversed, by (4.6),
N−2(λ2nm̂3.ijk + λ11N
2m̂1.im̂2.jk) is an UE of m1.im2.jk,
and N−3(λ3nm̂3.ijk + λ21n
2
3∑
m̂1.im̂2.jk + λ13n
3m̂1.im̂1.jm̂1.k)
is an UE of m1.i m2.j m3.k.
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Note 4.1 As in (2.4), we can also write Br = Br(n,N) in the form
Br = D
−1
rn Ar DrN where DrN = diag(N
q1 , . . . N qNr ) (26)
and qk = q(pik) if the kth element of m(i1...ir) is m(pik)r.i1...ir .
Taking m(i) = m1.i,m(ij) = (m2.ij ,m1.i m1.j)
′
and m(ijk) as in (4.9) this gives D1N =
N,D2N = diag(N,N
2),D3N = diag(N,N
2, N2, N2, N3),
A1 = λ1,A2 =
(
λ1
λ2 λ11
)
,A3 =

λ1
λ2 λ11
λ2 0 λ11
λ2 0 0 λ11
λ3 λ12 λ12 λ12 λ13

As N4 = 1 + 4 + 3 + 6 + 1 = 15, it is not practical ( or necessary ) to write out any other
Ar in full.

If i1 = . . . = ir then (4.3), (4.4), (4.13), (4.14) reduce to the univariate formulas.
However to apply them at the intermediate level when between 2 and r − 1 of i1,··· ,ir are
equal, one needs to be clear what
∑P (pi)m(pi)r.i1...ir means, and so what∑P (pi)mu(pi)r.i,...,
means. This can be done by reinterpreting the expressions for ESi1 · · ·Sir in Appendix E.
For example the contribution from pi = (13) to ESi1 · · ·Si4 is
λ(13)
∑4 si1+i2+i3 si4 , and to ES2i1Si2Si3 is λ(13)(∑2 s2i1+i2si3 + 2si1+i2+i3si1),
so
P (13)∑
m(13)4.i1i1i2i3 =
2∑
m3.2i1+i2m1.i3 + 2m3.i1+i2+i3m1.i1 .
In this way the expressions in Appendix E can be interpreted to give Em̂(pi)r.i1...ir or an
UE for m(pi)r.i1...ir :
Set ia = (i1, . . . , ia), jb = (j1, . . . , jb), . . .. Then
Enm̂a.ia = λ1Nma.ia,
En2m̂a.iam̂b.jb = λ2Nma+b.iajb + λ11N
2ma.iamb.jb ,
En3m̂a.iam̂b.jbm̂c.kc = λ3Nma+b+c.iajbkc
+λ21N
2
2∑
ma+b.iajbmc.kc + λ13N
3ma.iamb.jbmc.kc,
En3m̂2a.iam̂b.jb = λ3Nm2m+b.iaiajb
+λ21N
2(m2a.iaiamb.jb + 2ma+b.iajbma.ia) + λ13N
3m2a.iamb.jb ,
and so on.
We end this section with UEs for multinomial parameters.
Example 4.1 Suppose F is multinomial k(N,p), that is for 1 ≤ i ≤ k,Npi of { x1, . . . , xN
} equal eik, the ith unit vector in R
k.
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Take 2 ≤ r ≤ k. Then mr.i1...ir =
{
0 if any two of i1, . . . , ir differ .
pi1 if i1 = . . . = ir.
Set p̂i = m̂1.i.
Taking a = 1, b = 2, . . . , e = 5 in Appendix E, discarding all terms with + as a subscript,
and setting Sa = np̂a, s/a = Npa, we have
Ep̂1 · · · p̂r = n
−rλ1rN
rp1 · · · pr for r ≥ 1,
Ep̂21p̂2 · · · p̂r−1 = n
−r(λ1r−22 + λ1rNp1)N
r−1p1 · · · pr−1 for r ≥ 3,
Ep̂31p̂2 · · · p̂r−2 = n
−r(λ1r−33 + 3λ1r−22Np1 + λ1rN
2p21)N
r−2p1 · · · pr−2,
Ep̂21p̂
2
2 = n
−4(λ22 + λ122N(p1 + p2) + λ14N
2p1p2)N
2p1p2,
Ep̂41p̂2 = n
−5(λ14 + 4λ123Np1 + 3λ122Np1 + 6λ132N
2p21 + λ15N
3p31)N
2p1p2,
Ep̂31p̂
2
2 = n
−5(λ23 + λ123Np2 + 3λ122Np1 + λ132N
2(p21 + 3p1p2)
+λ15N
3p21p2)N
2p1p2,
Ep̂51p̂2 = n
−6(λ6 + λ15 + 5λ124Np1 + 10λ123Np1 + 10λ133N
2p21,
+15λ1222N
2p21 + 10λ142N
3p31 + λ15N
4p41)N
2p1p2,
Ep̂41p̂
2
2 = n
−6(λ24 + λ124Np2 + 4λ123Np1 + 3λ23Np1 + 4λ133N
2p1p2
+3λ1222N
2p1(2p1 + p2) + λ142N
3p21(p1 + 6p2) + λ16N
4p31p2)N
2p1p2,
Ep̂31p̂
3
2 = n
−6(λ32 + 3λ123N(p1 + p2) + λ133N
2(p21 + p
2
2) + 9λ1222N
2p1p2
+3λ142N
3p1p2(p1 + p2) + λ16N
4p21p
2
2)N
2p1p2,
Ep̂41p̂2p̂3 = n
−6(λ124 + 4λ133Np1 + 3λ1222Np1 + 6λ142N
2p21
+λ16N
3p31)N
3p1p2p3,
Ep̂31p̂
2
2p̂3 = n
−6(λ123 + λ133Np2 + 3λ1222Np1 + λ142N
2p1(p1 + p2)
+λ16N
3p21p2)N
3p1p2p3,
Ep̂21p̂
2
2p̂
2
3 = n
−6(λ23 + λ1222N(p1 + p2 + p3) + λ142N
2(p1p2 + p1p3 + p2p3),
+λ16N
3p1p2p3)N
3p1p2p3,
Ep̂21p̂
2
2p̂3p̂4 = n
−6(λ1222 + λ142N(p1 + p2) + λ16N
2p1p2)N
4p1p2p3p4.
If the expression for Ep̂pi1 p̂pi2 · · · is aNn(pi, p), then anN (pi, p̂) is an UE for ppi1ppi2 · · · .
This generates a new set of matrices A = A(N,n) satisfying the invariance principle
A(N,n)−1 = A(n,N) :
from (1 . . . r), A = λr1;
from (1 . . . r − 1), (122 . . . r − 1), A =
(
λ1r−1
λ1r−22 , λ1r
)
;
from (1 . . . r − 2), (122 . . . r − 2), (132 . . . r − 2), A =
 λ1r−2λ1r−33 , λ1r−1
λ1r−33 , 3λ1r−22, λ1r
 ;
from (12, 122, 132), A =
 λ2λ12 λ13
λ13 3λ122 λ14
 ;
from (12, 122, 122, 1222), A =

λ2
λ12 λ13
λ12 0 λ13
λ22 λ122 λ122 λ14
 ;
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from (12, 122, 132, 142), A =

λ2
λ12 λ13
λ13 3λ122 λ14
λ14 4λ123 + λ122 6λ132 λ15
 ;
from (12, 122, 122, 132, 1222, 1322),
A =

λ2
λ12 λ13
λ12 0 λ13
λ13 0 3λ122 λ14
λ22 λ122 λ122 0 λ14
λ23 λ123 3λ122 λ132 3λ132 λ15
 ;
from (123, 1223, 1223, 12223), A =

λ13
λ122 λ14
λ122 0 λ14
λ122 λ132 λ132 λ15
 ;
and so on. 
Raghunandanan and Srinivasan (1973) give multivariate analogs of Eµ̂r for 5 ≤ r ≤ 8
in terms of symmetric functions with tables to express these in terms of noncentral mo-
ments, and E(X−µ)r for r = 5, 6. The latter agree with Sukhatme except have −5e3 where
Sukhatme has e2−6e3 in the coefficient of µ
2
3 in E(X−µ)
6. Sukhatme’s version is the correct
one since g9n
6 is C33 = C3 ⊗ C3 in the notation of Dwyer and Tracy. They also give the
multivariate analogs of the UE of E(X − µ)4 in terms of µ̂4 and
∑
i 6=j(Xi −X)
2(Xj −X)
2,
and the UE of E(X − µ)5 in terms of µ̂5 and
∑
i 6=j(Xi −X)
3(Xj −X)
2.
It would be useful if Pierce’s transformations (to obtain results for finite N from results
for N =∞) were extended to cover multivariate problems like (3.2).
5 UEs of products of central moments
Here we express the joint central moments µ(pi) of (1.3) as a linear combination of m(pi)
and so obtain
Eµ̂(pi1)µ̂(pi2) . . .
and UEs of µ(pi1) µ(pi2) . . . for total order
r = r(pi1) + r(pi2) . . . ≤ 6.
We derive coefficients Mpi.pi ′ such that
µ(pi) =
r∑
pi
′
−
Mpi.pi′
−
mu(pi′−). (27)
This enables us to express µ(pi1)µ(pi2) . . . in the form
D =
r∑
pi
Dpi mu(pi ). (28)
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By Section 2, an UE of D is then
D˜ =
r∑
pi
′
−
D∗
pi
′
−
m̂u(pi
′
−) (29)
where D∗
pi
′
−
=
r∑
pi
Dpi C
pi ,pi
′
and (Cpi−.pi−) = C−1−−r (30)
We begin with Eµ̂(pi) and give the UE of µ(pi) in the order
pi = 1r, 2r, 32, 1r2, 1r3, 1r4, 1r22, 23, 123.
We omit pi = 15 as Sukhatme omitted µ(51).
As noted in Section 2,
µ(1r) = E(X − µ)r =
r∑
pi
C1r .pi mu(pi ),
so in (5.1), M1r .pi = C1r .pi (31)
The D∗ needed in (5.3) for the UE of D = µ(1r) are as follows.
µ(12) : D∗2 = (N − n)N
−1(n− 1)−1,
µ(13) : D∗3 = (N − 2n)(N − n)N
−2(n− 1)−12 ,
µ(14) : D∗4 = −(N − n)n
−1(2N2n− 4N2 + 6Nn − 3n3
−3n2)(n− 1)−13 N
−3, (32)
D∗22 = 3(N − n)n
−1(N2n2 − 4N2n+ 4N2 −Nn3 − 6Nn
+6Nn2 + 3n2 − 3n3)(n− 1)−13 N
−3,
µ(15) : D∗5 = −(N − n)(N − 2n)n
−1(9N2n− 15N2 + 20Nn− 8Nn2
−10n2 − 2n3)(n− 1)−14 N
−4, (33)
D∗23 = 10(N − n)(N − 2n)n
−1(N2n2 − 3N2n+ 3N2 −Nn3
−4Nn− 4Nn + 4Nn2 − 2n3 + 2n2)(n− 1)−14 N
−4
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µ(16) : D∗6 = (N − n)n
−3(−24N4 + 6N4n3 − 84N4n2 + 126N4n
+120N3n3 − 345N3n2 + 60N3n+ 45N3n4 − 80N2n2
+50N2n4 + 400N2n3 − 130N2n5 + 75Nn6 − 225Nn4
+60Nn3 − 150Nn5 − 20n4 + 80n6 + 5n7 + 55n5)(n − 1)−15 N
−5, (34)
D∗24 = −15(N − n)n
−3(24N4 + 2N4n4 − 24N4n3 + 82N4n2
−102N4n− 2N3n5 − 220N3n3 + 285N3n2 − 60N3n
+57N3n4 − 3N2n6 + 80N2n2 + 220N2n4 − 320N2n3
−43N2n5 + 3Nn7 + 6Nn6 − 90Nn5 − 60Nn3 + 165Nn4
+5n7 + 10n6 + 20n4 − 35n5)(n− 1)−15 N
−5
D∗32 = 10(N − n)n
−3(24N4 +N4n4 − 12N4n3
+57N4n2 − 90N4n− 5N3n5 − 165N3n3 + 255N3n2
−60N3n+ 39N3n4 + 8N2n6 + 80N2n2 + 175N2n4
−280N2n3 − 47N2n5 − 4Nn7 + 24Nn6 − 75Nn5
−60Nn3 + 135Nn4 − 5n7 + 10n6 + 20n4 − 25n5)(n − 1)−15 N
−5
D∗23 = 15(24N
4 +N4n4 − 12N4n3 + 46N4n2 − 66N4n
−2N3n5 + 30N3n4 + 180N3n2 − 60N3n− 122N3n3
−210N2n3 +N2n6 − 27N2n5 + 127N2n4
+80N2n2 + 120Nn4 − 60Nn3 − 59Nn5 + 9Nn6
+10n6 + 20n4 − 30n5)n−2(N − n)(n− 1)−15 N
−5.
(35)
Now in the expansion for µr in terms of {µ
′
i}, the coefficient of µ
′
r is 1. So in the expansion
of µ(pi), the coefficient of m(pi) is 1. So
Mpi.r = Cpi.r (36)
For example µ(22) = Eµ̂22 − (Eµ̂2)
2 = RHS (5.1) with
M22.4 = C22.4,
M22.22 = C22.22 − C
2
2.2
= −N(n− 1)(N2n− 3N2 + 6N − 3n− 3)(N − n)n−3(N − 1)−2(N − 2)−12 ,
19
So by (5.4) the UE of µ(22) is (5.3) with
D∗4 = 0,
D∗22 = 1.
Since µ(23) = Eµ̂32 − 3Eµ̂
2
2 Eµ̂2 + 2(Eµ̂2)
3,
M23.24 = C23.24 − 3C22.4C2.2
= −3N(n− 1)(N − n)(N4n2 + 5N4 − 6N4n
−2N3n3 + 5N3 + 13N3n2 − 53N2n2 + 20N2n
−45N2 + 2N2n3 + 55N + 30Nn + 35Nn2
+20Nn3 − 20n− 20n2 − 20n3 − 20)n−5(N − 1)−2(N − 2)−14 ,
M23.32 = C23.32 ,
M23.23 = C23.23 − 3C22.22C2.2 + 2C
3
2.2
= 2N2(n− 1)(N − n)(N4n2 + 15N4 − 12N4n
−75N3 − 2N3n3 + 25N3n2 + 30N3n
−3N2n3 + 135N2 − 139N2n2 + 51N2n
+167Nn2 − 144Nn − 105N + 56Nn3 + 75n− 75n3
−30n2 + 30)n−5(N − 1)−3(N − 2)−14 ,
So
D∗6 = 0,
D∗24 = 0,
D∗32 = 0,
D∗23 = 1.
µ(32) : M32.32 = C32.32 − C
2
3.3
= −N(n− 1)2(N − n)(20N
5 +N5n2 − 12N5n− 100N4
+4N4n2 + 42N4n+ 260N3 − 41N3n2 + 24N3n
+40N2n2 − 460N2 − 282N2n+ 420Nn + 100Nn2
+440N − 240n − 160 − 80n2)n−5(N − 1)−2(N − 2)−2(N − 3)−13 ,
M32.23 = C32.23 ,
D∗6 = 0, D
∗
24 = 0, D
∗
32 = 1, D
∗
23 = 0
Also µ(1rk) = E(x− µ)r(µ̂k − Eµ̂k)
=
r+k∑
pi
C1rk.pi m(pi )−
r∑
pi
C1r .pi m(pi )
k∑
pi
Ck.pi′ m(pi
′ ).
So µ(12) = M12.3µ3 for M12.3 = C12.3, as given by (4.9), and
D∗3 = (N − n)N
−1(n− 2)−1.
µ(122) :M122.22 = C122.22 − C12.2C2.2,
= −N(n− 1)(N − n)n−3(N − 1)−2(N − 2)−12 (3N
2 − 4Nn
−6N + 3 + 6n),
D∗4 = = (N − n)n
−1(2N − n− n2)(n− 2)−12 N
−2,
D∗22 = (N − n)n
−1(6N +Nn2 − 6Nn− 3n + 3n2)(n− 2)−12 N
−2.
µ(132) : M132.23 = C132.23 − C13.3C2.2
= N(n− 1)(N − n)(−10N3 + 3N3n− 3N2n2
+15N2n+ 20N2 − 9Nn2 − 36Nn− 10N + 24n2
+12n)n−4(N − 1)−2(N − 2)−13 ,
D∗5 = = −(N − n)(3N
2n− 9N2 + 15Nn − 3Nn2 − 5n2
−n3)n−1(n− 2)−13 N
−3,
D∗23 = (N − n)(4N
2n2 − 18N2n+ 18N2 − 5Nn3 − 30Nn
+30Nn2 − 10n3 + 10n2)n−1(n− 2)−13 N
−3.
µ(142) : M142.24 = C142.24 − C14.4C2.2
= N(n− 1)(N − n)(6N4n− 15N4 − 18N3n2 + 70N3n
−15N3 − 84N2n2 − 120N2n+ 12N2n3 + 135N2 + 234Nn2
−40Nn+ 36Nn3 − 165N + 60n− 60n2 − 120n3
+60)n−5(N − 1)−2(N − 2)−14 ,
M142.32 = C142.32 ,
M142.23 = C142.23 − C14.22C2.2
= −6N2(n− 1)(N − n− 1)(N − n)(+3N2n− 5N2 − 4Nn2
−4Nn+ 15N + 10n2 − 5n− 10)n−5(N − 1)−2(N − 2)−14 ,
D∗6 = −(N − n)n
−3(16N3 + 4N3n3 + 8N3n2 − 52N3n+ 24N2n3
−18N2n4 + 90N2n2 − 24N2n− 56Nn3 + 14n5N − 46Nn4
+16Nn2 + 11n4 − 4n3 + 16n5 + n6)(n − 2)−14 N
−4,
D∗24 = −(N − n)n
−3(240N3 + 2N3n4 − 72N3n3 + 340N3n2
−540N3n+ 6N2n5 + 90N2n4 + 990N2n2 − 360N2n
−600N2n3 − 600Nn3 − 9Nn6 − 3Nn5 + 300Nn4 + 240Nn2
+105n4 − 60n3 − 30n5 − 15n6)(n − 2)−14 N
−4,
D∗32 = 2(N − n)n
−3(80N3 + 2N3n4 − 16N3n3 + 70N3n2
−140N3n− 6N2n5 + 42N2n4 + 270N2n2 − 120N2n
−150N2n3 − 160Nn3 + 4Nn6 − 29Nn5 + 85Nn4 + 80Nn2
+25n4 − 20n3 − 10n5 + 5n6)(n − 2)−14 N
−4,
D∗23 = 3(N
3n4 − 16N3n3 + 76N3n2 − 140N3n+ 80N3
−120N2n−N2n5 + 24N2n4 − 128N2n3 + 240N2n2
−150Nn3 + 80Nn2 + 69Nn4 − 9Nn5 − 10n5
+30n4 − 20n3)n−2(N − n)(n− 2)−14 N
−4.
µ(13) : M13.22 = C13.22 ,
D∗4 = (N − n)(n + 1)N
−1n−1(n − 3)−1,
D∗22 = −3(N − n)(n− 1)N
−1n−1(n− 3)−1.
µ(123) : M123.23 = C123.23 − C12.2C3.3
= −2(N − n)N(n− 1)2(5N
3 − 7N2n− 10N2 + 14Nn
+5N − 4n)n−4(N − 1)−2(N − 2)−13 ,
D∗5 = (N − n)N
−2n−1(6N − n2 − 5n)(n− 3)−12 ,
D∗23 = (N − n)N
−2n−1(Nn2 − 12Nn + 12N + 10n2
−10n)(n − 3)−12 .
20
µ(133) :M133.24 = C133.24,
M133.32 = C133.32 − C13.3C3.3
= −(N − n)N(n− 1)2(+10N
5 − 33N4n− 50N4
+24N3n2 + 130N3 + 162N3n− 303N2n− 108N2n2
−230N2 + 132Nn2 + 220N + 270Nn − 120n
−80)n−5(N − 1)−2(N − 2)−2(N − 3)−13 ,
M133.23 = C133.23 ,
D∗6 = −(N − n)N
−3n−3(12N2 − 12N2n2 − 27N2n
+3N2n3 − 3Nn4 + 30Nn3 − 12Nn + 33Nn2
−11n3 − n5 + 4n2 − 16n4)(n − 3)−13 ,
D∗24 = 3(N − n)N
−3n−3(N2n4 − 3N2n3 − 25N2n2
+75N2n− 60N2 + 60Nn −Nn5 + 6Nn4 + 40Nn3
−105Nn2 + 35n3 − 20n2 − 10n4 − 5n5)(n − 3)−13 ,
D∗32 = (N − n)N
−3n−3(120N2 +N2n4 − 6N2n3 + 15N2n2
−90N2n− 120Nn − 2Nn5 + 24Nn4 − 60Nn3 + 150Nn2
−50n3 + 40n2 + 20n4 − 10n5)(n − 3)−13 ,
D∗23 = −3(−60N
2 + 3N2n3 − 28N2n2 + 75N2n− 3Nn4 + 35Nn3
−90Nn2 + 60Nn − 10n4 + 30n3 − 20n2)n−2N−3(N − n)(n− 3)−13 .
µ(14) :M14.23 = C14.23,
D∗5 = (n
2 − n− 3)(N − n)n−1N−1(n− 4)−1(n− 2)−1,
D∗23 = −2(n− 1)(2n − 3)(N − n)n
−1N−1(n− 4)−1(n− 2)−1.
µ(124) : M124.24 = C124.24 − C12.2C4.4,
= −(n− 1)N(N − n)(9N4n2 − 39N4n+ 45N4 + 39N3n2
−81N3n− 10N3n3 + 45N3 + 45N2n2 − 405N2
−6N2n3 + 237N2n− 435Nn2 + 495N
+135Nn − 180n + 270n2 − 180 − 30n3
+70Nn3)n−5(N − 1)−2(N − 2)−14 ,
M124.32 = C124.32 ,
M124.23 = C124.23 − C12.2C4.22
= 6(n − 1)N(N − n)(2N4n2 − 12N4n+ 9N3n2 + 15N4
−2N3n3 − 60N3 + 27N3n+ 75N2 − 44N2n2 + 15N2n
−30Nn+ 9Nn2 − 30N + 26Nn3 + 30n2
30n3)n−5(N − 1)−2(N − 2)−14 ,
D∗6 = (−36N
4n3 + 8N4n4 + 22N4n2 + 54N4n− 24N4 −N3n6 − 155N3n2
−118N3n+ 3N3n5 + 121N3n3 − 18N3n4 + 72N3 −N2n6 +N27n5
+60N2n+ 233N2n3 − 126N2n4 − 5N2n2 + 64Nn− 96Nn3 + 4Nn4
+32Nn5 + 12Nn6 − 304Nn2 − 112n5 − 64n2 + 208n3 + 168n4
−8n6)n−3(N − n)(n− 2)−14 (N − 3)
−1N−4, (37)
21
D∗24 = (110N
4n4 − 204N4n3 + 450N4n− 21N4n5 +N4n6 − 360N4
+1080N3 + 6N3n6 − 6N3n5 − 186N3n4 − 675N3n2 − 690N3n
+687N3n3 − 408N2n4 + 423N2n3 − 3N2n6 + 135N2n5 − 615N2n2
+900N2n+ 240Nn5 + 2400Nn3 − 468Nn4 + 960Nn − 108Nn6
−3600Nn2 − 960n2 + 2160n3 − 1320n4
+120n6)n−3(N − n)
(n − 2)−14 (N − 3)
−1N−4,
(38)
D∗32 = −2(10N
4n4 − 57N4n3 + 65N4n2 + 90N4n− 120N4 − 310N3n2
+39N3n4 + 360N3 − 50N3n− 10N3n5 + 71N3n3 − 2N2n6
+2N2n5 + 300N2n+ 184N2n3 − 45N2n4 − 295N2n2 + 720Nn3
−124Nn4 + 28Nn6 + 320Nn − 64Nn5 − 1040Nn2 + 160n5
−320n2 + 560n3 − 360n4)n−3(N − n)(n− 2)−14 (N − 3)
−1N−4,
(39)
D∗23 = 6(N − n)n
−2(2N4n4 − 18N4n3 + 64N4n2 − 105N4n+ 60N4
−180N3 + 205N3n− 2n5N3 + 15N3n4 − 31N3n3
−32N3n2 + 141N2n3 + 90N2n− 228N2n2 − 27N2n4
+24Nn5 − 160Nn + 320Nn2 − 72Nn4 − 72Nn3 + 200n4
−40n5 + 160n2 − 320n3)(n − 2)−14 (N − 3)
−1N−4, (40)
(41)
Also µ(1rk2) = E(X − µ)r(µ̂2k − 2µ̂kEµ̂k + (Eµ̂k)
2)
µ(122) :M122.23 = C122.23 − 2C12.3C2.2
= −2(n− 1)N(N − n)(3N3n− 5N3 − 4N2n2
+10N2 + 8Nn2 − 11Nn − 5N + 2n2
+2n)n−4(N − 1)−2(N − 2)−13 ,
D∗5 = −(n− 1)n
−1N−1(N − n)(n− 4)−1(n− 2)−1,
D∗23 = 2(n
2 − 3n + 1)n−1N−1(N − n)(n− 4)−1(n− 2)−1.
22
µ(1222) :M1222.24 = C1222.24 − 2C122.4C2.2
= (n− 1)N(N − n)(−12N4n+N4n2 + 15N4 + 31N3n2
−35N3n−N3n3 + 15N3 − 22N2n3 − 135N2
−29N2n2 + 90N2n+ 65Nn + 61Nn3 + 165N − 109Nn2
+10n2 − 60n − 60 + 10n3)n−5(N − 1)−2(N − 2)−14 ,
M1222.32 = C122.32 ,
M1222.23 = C1222.23 − 2C122.22C2.2 + C12.2C
2
2.2
= −N2(n− 1)(N − n)(−21N4n+ 30N4 +N4n2 + 44N3n2
−N3n3 − 150N3 + 45N3n+ 270N2 − 25N2n3 + 93N2n
−194N2n2 + 127Nn3 − 210N − 237Nn + 178Nn2 + 60
+120n − 5n2 − 125n3)n−5(N − 1)−3(N − 2)−14 ,
D∗6 = −(N − n)(n− 1)(+2Nn
3 − 4Nn2 − 10Nn + 8N − 4n
+7n2 + 8n3 − 3n4)N−2n−3(n− 2)−14 ,
D∗24 = (N − n)(120N + 16Nn
4 − 102Nn3 + 200Nn2
−150Nn − 145n3 + 105n2 − 60n+ n5 − 2n6
+53n4)N−2n−3(n− 2)−14 ,
D∗32 = 2(N − n)(−40N +Nn
5 − 9Nn4 + 31Nn3 − 45Nn2
+30Nn+ 40n3 − 25n2 + 20n + 8n5 − n6
−26n4)N−2n−3(n− 2)−14 ,
D∗23 = (−120N − 17Nn
4 + 92Nn3 − 208Nn2 + 210Nn +Nn5
+60n − 48n4 − 120n2 + 6n5 + 126n3)n−2N−2(N − n)(n− 2)−14 .
Also, µ(23) :M23.23 = C23.23 − C2.2C3.3,
= −2(N − n)N2(n− 1)2(2N
2n− 5N2 + 10N −
−n)n−4(N − 1)−2(N − 2)−13 ,
D∗5 = 0, D
∗
23 = 1.
and µ(123) = E(X − µ)(µ̂2µ̂3 − µ̂2Eµ̂3 − µ̂3Eµ̂2 + Eµ̂2Eµ̂3)
23
so M123.24 = C123.24 − C13.4C2.2
= −(N − n)N(n− 1)2(−15N
4 + 9N4n− 15N3 − 2N3n− 13N3n2
+135N2 + 42N2n2 + 9N2n− 165N − 130Nn − 35Nn2 + 30n2
+90n+ 60)n−5(N − 1)−2(N − 2)−14 ,
M123.32 = C123.32 − C12.3C3.3
= −(N − n)N(n− 1)2(−10N
5 + 4N5n− 3N4n+ 50N4 − 5N4n2
−130N3 + 18N3n2 − 62N3n+ 230N2 + 13N2n2
−90Nn2 + 195N2n− 230Nn − 220N + 80 + 120n
+40n2)n−5(N − 1)−2(N − 2)−2(N − 3)−13 ,
M123.23 = C123.23 − C13.22C2.2
= 3N2(n− 1)2(N − n)(−10N
2 + 4N2n− 5Nn2 −Nn
+30N + 15n2 − 25n − 20)n−5(N − 1−15 ,
D∗6 = −(1 + n)(n− 1)
2(N − n)n−3N−1(n− 3)−1(n− 5)−1,
D∗24 = (n
4 − 10n2 − 15)n−3N−1(N − n)(n− 3)−1(n− 5)−1,
D∗32 = (n
4 − 5n3 + 5n2 + 5n + 10)n−3N−1(N − n)(n− 3)−1(n − 5)−1,
D∗23 = −3(N − n)N
−1n−2(n3 − 5n2 + 5n − 5)(n − 3)−1(n− 5)−1.
(42)
Now we consider products of two central moments µ(pi1)µ(pi2), in the order
(pi1.pi2) = (1
2.12), (12.13), (12.14), (13.13), (12.12), (12.122), (12.22), (13.12), (12.12),
24
µ(12)2 = C212.2µ
2
2 so
D∗4 = 0,
D∗22 = (N − n)
2(N2n2 − 3N2n+ 3N2 − 2Nn2 + 3N + 3n2
−3n)n−1(N − 1)−1N−3(n− 1)−13
µ(12)µ(13) = C12.2C13.3µ2µ3 so
D∗5 = 0,
D∗23 = (N − n)
2(N − 2n)(N2n2 − 5Nn2 − 2N2n+ 2N2 + 10N + 10n2
−10n)n−1(N − 1)−1N−4(n− 1)−14 ,
µ(12)µ(14) = C12.2C14.4µ2µ4 + C12.2C14.22µ
3
2
so D∗6 = D
∗
32 = 0,
D∗24 = −(N − n)
2(−63N4n3 + 190N4n2 − 225N4n+ 8N4n4 + 60N4
+60N3 + 640N3n2 − 525N3n+ 98N3n4 − 12N3n5 − 345N3n3
+198N2n4 + 3N2n6 − 45N2n5 − 750N2n3 + 1140N2n2 − 240N2n
−9Nn5 − 990Nn3 + 405Nn4 + 18Nn6 + 360Nn2 − 90n5 − 180n3
+315n4 − 45n6)N−5(n− 1)−15 (N − 1)
−1n−3,
D∗23 = (−60N
2 + n5N2 − 11N2n4 + 44N2n3 − 82N2n2 + 90N2n− 60N
+21Nn4 − 96Nn2 + 180Nn − 24Nn3 − 3Nn5 + 60n − 48n4
−120n2 + 6n5 + 126n3)N−2(N − n)(n− 2)−14 (N − 1)
−1n−2,
µ(13)2 = C213.3µ
2
3 so D
∗
6 = D
∗
24 = D
∗
23 = 0,
D∗32 = (N − 2n)
2(N − n)2(N3n4 + 25N3n2 − 40N3 − 10N3n− 8N3n3
+8N2n3 − 26N2n2 + 70N2n− 4N2n4 − 120N2 + 14Nn4 − 4Nn3
−70Nn2 − 80N + 220Nn + 80n − 100n2 + 40n3
−20n4)n−3(N − 1)−12 (n− 1)
−1
5 N
−5,
µ(12)µ(12) = C12.2C12.3µ2µ3 so D
∗
5 = 0,
D∗23 = (N − n)
2(N2n2 − 2N2n+ 2N2 + 10N − 5Nn2 + 10n2
−10n)n−1(N − 1)−1N−3(n− 2)−13 ,
µ(12)µ(122) = C12.2C122.4µ2µ4 + C12.2C122.22µ
3
2
so D∗6 = D
4
32 = 0,
D∗24 = −(N − n)
2(60N3 + 2N3n4 − 21N3n3 + 70N3n2 − 105N3n
−59N2n3 + 60N2 − 285N2n+ 17N2n4 + 190N2n2 − n5N2
−135Nn3 − 120Nn + 3Nn4 − 6n5N + 330Nn2 + 60n2 + 15n5
−105n3 + 30n4)(n − 2)−14 N
−4(N − 1)−1n−3,
D∗23 = (60N
3 +N3n4 − 12N3n3 + 50N3n2 − 90N3n+ 60N2 + 30N2n2
−120N2n+ 3N2n3 − 3Nn4 − 57Nn3 − 120Nn + 210Nn2
−90n3 + 60n2 + 30n4)(N − n)2(n− 2)−14 N
−4(N − 1)−1n−2,
µ(12)µ(22) = C12.2C22.4µ2µ4 + C12.2C22.22µ
3
2,
so D∗6 = D
∗
32 = 0,
D∗24 = −(N − n)
2(−60N + 2Nn5 − 17Nn4 + 49Nn3 − 55Nn2
+45Nn − 60 + n4 − 145n2 + 105n + 53n3
−2n5)N−2(N − 1)−1(n− 2)−14 n
−3,
D∗23 = (−60N
2 +N2n5 − 11N2n4 + 44N2n3 − 82N2n2 + 90N2n− 60N
+21Nn4 − 96Nn2 + 180Nn − 24Nn3 − 3n5N + 60n − 48n4
−120n2 + 6n5 + 126n3)N−2(N − n)(n− 2)−14 (N − 1)
−1n−2,
25
µ(13)µ(12) = C13.3C12.3µ
2
3
so D∗6 = D
∗
24 = D
∗
23 = 0,
D∗32 = (N − 2n)(N − n)
2(N3n4 − 40N3 + 25N3n2 − 8N3n3
−10N3n− 26N2n2 + 70N2n+ 8N2n3 − 120N2 − 4N2n4 − 70Nn2
−80N + 14Nn4 + 220Nn − 4Nn3 − 20n4 + 40n3
−100n2 + 80n)n−3(N − 1)−12 N
−4(n− 2)−14 ,
µ(12)2 = C212.3µ
2
3
so D∗6 = D
∗
24 = D
∗
23 = 0,
D∗32 = (n− 1)(N − n)
2(+N3n4 − 40N3 + 25N3n2 − 8N3n3 − 10N3n
+8N2n3 − 26N2n2 + 70N2n− 120N2 − 4N2n4 − 4Nn3 − 70Nn2
−80N + 220Nn + 14Nn4 + 40n3 − 100n2 + 80n
−20n4)N−3n−3(N − 1−12 (n− 2)
−1
4 .
Finally, we have one product of 3 central moments of order 6:
µ(12)3 = C312.2µ
3
2 has D
∗
6 = D
∗
24 = D
∗
32 = 0,
D∗23 = (N − n)
3(N − 2)(N3n3 + 9Nn3 − 15n3 − 3N2n3 − 9N3n2
−9Nn2 + 9N2n2
+45n2 − 30n + 29N3n− 6N2n− 45Nn
−30N3 + 30N)n−1(N − 1)−2(n− 1)−15 N
−5.
26
When N =∞ the nonzero coefficients D∗
pi
′
−
for the UEs of µ(pi1)µ(pi2) · · · are as follows.
µ(12)2 = C212.2µ
2
2 so D
∗
4 = 0,
D∗22 = n
−1(n2 − 3n + 3)(n − 1)−13 ,
µ(12)µ(13) = C12.2C13.3µ2µ3 so D
∗
5 = 0,
D∗23 = n
−1(n2 − 2n + 2)(n − 1)−14 ,
µ(12)µ(14) = C12.2C14.4µ2µ4 + C12.2C14.22µ
3
2
so D∗6 = D
∗
32 = 0,
D∗24 = −(8n
4 − 63n3 + 190n2 − 225n + 60)n−3(n− 1)−15 ,
D∗23 = (n
4 − 9n3 + 26n2 − 30n + 30)n−2(n− 3)−13 ,
µ(13)2 = C213.3µ
2
3 so D
∗
6 = D
∗
24 = D
∗
23 = 0,
D∗32 = n
−3(n4 − 8n3 + 25n2 − 10n − 40)(n − 1)−15 ,
µ(12)µ(12) = C12.2C12.3µ2µ3 so D
∗
5 = 0,
D∗23 = n
−1(n2 − 2n + 2)(n − 2)−13 ,
µ(12)µ(122) = C12.2C122.4µ2µ4 + C12.2C122.22µ
3
2
so D∗6 = D
4
32 = 0,
D∗24 = −(2n
4 − 21n3 + 70n2 − 105n + 60)(n − 2)−14 n
−3,
D∗23 = (n
3 − 10n2 + 30n − 30)n−2(n− 3)−13 ,
µ(12)µ(22) = C12.2C22.4µ2µ4 + C12.2C22.22µ
3
2,
so D∗6 = D
∗
32 = 0,
D∗24 = −(2n
5 − 17n4 + 49n3 − 55n2 + 45n− 60)(n − 2)−14 n
−3,
D∗23 = (n
4 − 9n3 + 26n2 − 30n + 30)n−2(n− 3)−13 ,
µ(13)µ(12) = C13.3C12.3µ
2
3
so D∗6 = D
∗
24 = D
∗
23 = 0,
D∗32 = n
−3(n4 − 8n3 + 25n2 − 10n − 40)(n − 2)−14 ,
µ(12)2 = C212.3µ
2
3
so D∗6 = D
∗
24 = D
∗
23 = 0,
D∗32 = (n− 1)n
−3(n4 − 8n3 + 25n2 − 10n− 40)(n − 2)−14 .
Finally, we have one product of 3 central moments of order 6:
µ(12)3 = C312.2µ
3
2 has D
∗
6 = D
∗
24 = D
∗
32 = 0,
D∗23 = n
−1(n2 − 7n + 15)(n − 3)−13 (n− 1)
−1.
6 UEs of products of cumulants
Here we give Eκ̂(pi1)κ̂(pi2) . . . and UEs of κ(pi1)κ(pi2) . . . for joint cumulants {κ(pii)} up to
total order 6 not covered by Section 2,3,5.
We first give coefficients Kpi.pi such that
κ(pi) =
r∑
pi
Kpi.pi mu(pi ) for pi of order r > 1. (43)
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Its UE is then (5.3) for D∗pi of (5.4) with Dpi = Kpi.pi .
κ(14) : Since κ14 = µ14 − 3µ
2
12 ,
K14.4 = M14.4 = C14.4,
K14.22 = M14.22 − 3M
2
12.2 = C14.22 − 3C
2
12.2
= −3(N − n)(N3 + 4Nn2 − 4N2n− 2N2 +N
+6Nn− 6n2)n−3(N − 1)−2(N − 2)−12 ,
so
D∗4 = K14.4 ∗ C
4.4 +K14.22C
22.4
= (N − n)(nN3 +N3 − 6n2N2 − nN2 − 7N2 + 6n2N + 6Nn3
+12nN − 6n3 − 6n2)(n− 1)−13 N
−3(N − 1)−1n−1
D∗22 = −3(N − n)(nN
3 −N3 − 4n2N2 − nN2 + 7N2 + 6n2N
+4Nn3 − 12nN − 6n3 + 6n2)(n − 1)−13 N
−3(N − 1)−1n−1.
κ(15): similarly
K15.5 = C15.5, (44)
K15.23 = C15.23 − 10C12.2C13.3
= −10(N − n)(N − 2n)(N3 − 6nN2 + 6n2N − 2N2
+12nN − 12n2N)n−4(N − 1)−2(N − 2)3, (45)
D∗5 = (−N + 2n)(−N + n)(5N
3 + nN3 − 12n2N2 − nN2 − 65N2 + 12n3N
+12n2N + 120nN − 12n3 − 60n2)n−1(n− 1)−14 N
−4(N − 1)−1,
D∗23 = −10(N − 2n)(N − n)(nN
3 −N3 − 6n2N2 − nN2 + 13N2 + 6n3N
+12n2N − 24nN − 12n3 + 12n2)n−1(n− 1)−14 N
−4(N − 1)−1, (46)
κ(16) : K16.6 = C16.6,
K16.24 = C16.24 − 15C14.4C12.2
= −15(N − n)(+N5 − 16N4n+N4 + 30N3n+ 64N3n2
−9N3 − 96N2n3 + 10N2n+ 11N2 − 150N2n2 + 48Nn4
+240Nn3 − 10Nn2 − 4N − 120n4)n−5(N − 1)−2(N − 2)−14 ,
K16.32 = C16.32 − 10C
2
13.3
= −10(N − n)(N6 − 5N5 − 12N5n+ 48N4n2 + 13N4
+54N4n− 72N3n3 − 234N3n2 − 23N3 − 66N3n+ 36N2n4
+360N2n3 + 306N2n2 + 22N2 − 180Nn4 − 8N − 480Nn3
+240n4)n−5(N − 1)−2(N − 2)−2(N − 3)−13 ,
K16.23 = C16.23 − 15C14.22C12.2 + 30C
3
12.2
= 30(N − n)(N6 − 5N5 − 11N5n+ 9N4 + 52N4n+ 39N4
−7N3 − 56N3n3 − 176N3n2 − 71N3n+ 30N2n+ 28N2n4
+248N2n3 + 2N2 + 191N2n2 − 240Nn3 − 30Nn2 − 124Nn4
+120n4n2)n−5(N − 1)−3(N − 2)−14 ,
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D∗6 = (N − n)(N
7n3 − 2880Nn3 + 3120n2N2 − 1440nN3 + 960n4 + 248N4
+600n7N − 3000n6N2 + 6150n5N3 + 13800n5N + 6000n6N
−16860n5N2 − 3840n6 − 240n7 − 2640n5 − 6300N4n4
+18240N3n4 − 20280N2n4 + 8400Nn4 + 16050n3N3
−10020n3N2 − 8402n3N4 + 5280n2N3 − 7592n2N4
−922nN4 + 2945N5n3 − 140N5 − 104N6 + 1430N5n2
+2005N5n− 454N6n2 − 134N6n16N7n2 − 94N6n3
+150N5n5 − 30N6n4 − 4N7 − 480n7N2 + 120N3n7
−240N4n6 + 960n6N3 − 600N4n5 + 11N7n
+210n4N5)N−5(n− 1)−15 (N − 1)
−1
2 (N − 1)
−1n−3
D∗24 = −15(N − n)(N
7n3 + 2880Nn3 − 3120n2N2 + 1440nN3 − 960n4 − 248N4
+456n7N − 960n6N2 + 722n5N3 + 120n5N + 912n6N − 1596n5N2
−480n6 − 240n7 + 1680n5 − 302N4n4 + 1512N3n4 + 3360N2n4
−5520Nn4 − 6650n3N3 + 6900n3N2 − 626n3N4 − 3840n2N3
+5236n2N4 + 674nN4 + 115N5n3 + 140N5 + 104N6 − 44N5n2
−1745N5n− 34N6n2 + 118N6n+ 2N7n2 − 4N6n3 + 64N5n5 − 16N6n4
+4N7 − 264n7N2 + 48N3n7 − 96N4n6 + 528n6N3 − 342N4n5 − 7N7n
+78n4N5)n−3(n− 1)−15 (N − 2)
−1
2 (N − 1)
−1N−5,
D∗32 = −10(N − n)(N
7n3 − 2880Nn3 + 3120n2N2 − 1440nN3 + 960n4
+248N4 + 408n7N − 672n6N2 + 102n5N3 − 600n5N − 48n6N
+1284n5N2 + 480n6 − 240n7 − 1200n5 + 354N4n4 − 1704N3n4
−1920N2n4 + 4080Nn4 + 5070n3N3 − 5340n3N2 + 790n3N4
+3120n2N3 − 4496n2N4 − 550nN4 − 241N5n3 − 140N5 − 104N6 − 4N5n2
+1615N5n+ 62N6n2 − 110N6n− 2N7n2 − 4N6n3 + 48N5n5 − 12N6n4
−4N7 − 216n7N2 + 36N3n7 − 72N4n6 + 432n6N3 − 282N4n5 + 5N7n
+66n4N5)n−3N−5(n− 1)−15 (N − 1)
−1
2 (N − 1)
−1,
D∗23 = 30(N − n)(N
7n2 + 1440Nn3 − 1560n2N2 + 720nN3 − 480n4 − 124N4
−180n6N2 + 360n5N3 − 384n5N + 384n6N − 588n5N2 − 240n6 + 720n5
−239N4n4 − 64N3n4 + 2292N2n4 − 1680Nn4 − 2796n3N3 + 900n3N2
+563n3N4 + 540n2N3 + 1278n2N4 − 594nN4 + 44N5n3 + 130N5 − 8N6
−322N5n2 − 167N5n+ 11N6n2 + 44N6n− 11N6n3 + 2N7 + 28n6N3
−56N4n5 − 3N7n+ 39n4N5)n−2N−5(n− 1)−15 (N − 1)
−1
2 (N − 1)
−1.
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κ(142) : since κ142 = µ142 − 6µ12µ122 − 4µ13µ12,
K142.6 = M142.6,
K142.24 = M142.24 − 6C12.2C122.4
= −(N − n)N(n− 1)(15N4 − 118N3n+ 15N3 + 240N2n2
−135N2 + 186N2n+ 160Nn − 144Nn3 − 540Nn2 + 165N − 60n
−60n2 + 360n3 − 60)n−5(N − 1)−2(N − 2)−14 ,
K142.32 = M142.32 − 4C13.3C12.3
= −2(N − n)N(n− 1)(5N5 − 31N4n− 25N4 + 60N3n2 + 65N3 + 144N3n
−36N2n3 − 211N2n− 288N2n2 − 115N2 + 90Nn + 180Nn3 + 372Nn2
+110N − 40n− 240n3 − 40)n−5(N − 1)−2(N − 2)−2(N − 3)−13 ,
K142.23 = M142.23 − 6C12.2M122.22
= 6(N − n)N(n− 1)(+5N5 − 28N4n− 25N4 + 45N3 + 131N3n+ 50N3n2
−228N2n2 − 28N2n3 − 35N2 − 178N2n+ 75Nn + 262Nn2 + 124Nn3
+10N − 60n2 − 120n3)n−5(N − 1)−3(N − 2)−14 ,
D∗6 = (N − n)(N
6n3 − 1416Nn3 + 480n2N + 1244n2N2 − 400nN2 − 298nN3
+528n4 − 192n3 − 92N4 + 120N3 + 96n6N2 − 144n5N3 − 1176n5N − 120n6N
+540n5N2 − 24N5 + 768n5 + 48n6 + 92N4n4 − 1090N3n4 + 2884N2n4
−2376Nn4 − 2390n3N3 + 2932n3N2 + 907n3N4 − 1934n2N3 + 696n2N4
+689nN4 − 58N5n3 + 16N6n2 + 11N6n− 14N5n4 − 24n6N3 + 36N4n5
−98N5n− 238N5n2 − 4N6)n−3(n− 2)−14 (N − 1)
−1
2 (N − 1)
−1N−4,
D∗24 = −(N − n)(15N
6n3 + 14040Nn3 − 7200n2N − 12660n2N2 + 6000nN2
+2670nN3 − 5040n4 + 2880n3 + 1380N4 − 1800N3 + 792n6N2
−1260n5N3 − 2376n5N − 1368n6N + 2244n5N2 + 360N5 + 1440n5
+720n6 + 564N4n4 − 1370N3n4 + 3948N2n4 + 360Nn4 − 2706n3N3
−10980n3N2 + 723n3N4 + 16610n2N3 − 504n2N4 − 8235nN4
−84N5n3 + 30N6n2 − 105N6n− 118N5n4 − 144n6N3 + 240N4n5
+1110N5n− 236N5n2 + 60N6)n−3(n− 2)−14 (N − 1)
−1
2 (N − 1)
−1N−4
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D∗32 = −2(N − n)(+5N
6n3 − 3480Nn3 + 2400n2N + 3220n2N2 − 2000nN2
−590nN3 + 1200n4 − 960n3 − 460N4 + 600N3 + 216n6N2 − 348n5N3
+168n5N − 408n6N + 492n5N2 − 120N5 − 480n5 + 240n6 + 163N4n4
+124N3n4 − 1276N2n4 + 360Nn4 + 1130n3N3 + 2420n3N2 − 391n3N4
−4480n2N3 + 57n2N4 + 2395nN4 − 8N5n3 − 10N6n2 + 25N6n− 31N5n4
−36n6N3 + 60N4n5 − 310N5n+ 133N5n2
−20N6)n−3(n− 2)−14 (N − 1)
−1
2 (N − 1)
−1N−4
D∗23 = 6(N − n)(5N
6n2 + 1320Nn3 − 1200n2N − 180n2N2 + 1000nN2
−720nN3 − 720n4 + 480n3 + 350N4 − 300N3 − 28n5N3 − 384n5N + 180n5N2
−60N5 + 240n5 + 50N4n4 − 298N3n4 + 420N2n4 + 504Nn4 + 316n3N3
−2116n3N2 + 116n3N4 + 1798n2N3 − 496n2N4 − 404nN4 − 28N5n3 − 15N6n
+139N5n+ 21N5n2 + 10N6)n−2(n− 2)−14 (N − 1)
−1
2 (N − 1)
−1N−4.
Similarly we can write down UEs for products of cumulants up to order 6 not covered by
Section 2, Section 4. These are
of order 4 : µ2µ(12), µµ(12),m(2)µ(12),
of order 5 : µ3µ(12), µ2µ(12), µ2κ(13), µm(2)µ(12),
µµ(13), µµ(22),m(2)µ(12),m(2)µ(13),m(3)µ(12),
of order 6 : µ4µ(12), µ3µ(12), µ3µ(13), µ2m(2)µ(12),
µ2µ(13), µ2µ(22), µ2κ(122), µ2κ(14),
µm(2)µ(12), µm(2)µ(13), µµ(14), µµ(23),
m(2)κ(14),m(2)µ(122),m(2)µ(22),m(2)µ(13),
m(2)µ(12)2,m(2)2µ(12),m(3)µ(12).
Similarly we can write down an UE for m(2)µ(14).
7 Proof of the inversion principles
We begin by following a false trail that leads in Section 8 to the solution of the eigenfunction
problem stated at the end of the abstract.
A proof for Br would follow if
Br = HΛH
−1 where Λ = diag(λ1,λ2, . . .), the evalues of B, (47)
and Λ satisfies the inversion principle, that is
λi(N,n) = λi satisfies λ
−1
i = λi(n,N). (48)
Writing H = (u1, u2, . . .) and H
−1 =
 v
′
1
v
′
2
...
 , (6.1) is equivalent to
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Bui = λiui, v
′
iB = λiv
′
i, v
′
iuj = δij , B =
∑
i
λiuiv
′
i. (49)
This implies that ai(F ) = v
′
iµ(r) satisfies
Eai(F̂ ) = λiai(F ). (50)
If vi does not depend on (n,N) we call ai(F ) an r-e function or r-eigen function). Since
mr = EX
r =
∑∞
j=0
(
r
j
)
µr−jµj = v
′
1m(r) say and EX
r
= EXr, for all r there is always
an r-e function with λ = 1.
Other examples we have seen are µr (with λ = Cr.r) for r = 2 or 3. In each case λi
satisfies (7.2).
One can show that for r ≤ 3, one can choose H in (7.1) to be constant, so that the
number of efunctions equals the number of partitions of r say nr that is, the dimension of
m(r). Unfortunately this is false for r ≥ 4. In fact in Section 8 we show that the only
r−efunctions apart from mr (up to a constant multiple) are E
∏s
i=1 (X
a1 −EXai), with
λ = Cs.s for s = 2 or 3 where
∑s
1 ai = r.
For r = 1, H = Λ = 1 so a1 = µ.
For r = 2, we can take λ1 = 1, λ2 = C2.2,
H =
(
0 −1
1 1
)
,H−1 =
(
1 1
−1 0
)
, so a1 = µ2 + µ
2 = m2 and a2 = −µ2.
For r = 3, we can take λ1 = C3.3,λ2 = C2.2, λ3 = 1,
H =
 1 0 0−1/2 −1 0
1/2 3 1
 and H−1
 1 0 0−1/2 −1 0
1 3 1
 ,
so a1 = µ3, a2 = −(µ3 + 2µ2µ)/2 = −(m3 − µm2)/2, a3 = µ3 + 3µ2µ+ µ
3 = m3.
This was derived using the following result.
Theorem 7.1 Suppose for i = 1, 2, that Ci = HiΛiH
−1
i is pi×pi with Λi = diag(λi1, λi2, . . .)
and C1, C2 have no evalues in common. Then for D any p2 × p1 matrix(
C1 0
D C2
)
= H
(
Λ1 0
0 Λ2
)
H−1 where (51)
H =
(
H1 0
H2X0 H2
)
,H−1 =
(
H−11 0
−X0H
−1
1 H
−1
2
)
,
(X0)ij = (H
−1
2 DH1)ij/(λ1j − λ2i). (52)
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The proof uses the following easily proved lemma.
Lemma 7.1 Suppose for i = 1, 2 that Ci = HiΛiH
−1
i is pi×pi and X is p2×p1 satisfying
XC1 − C2X = D. (53)
Then (6.5) holds with H =
(
H1 0
XH1 H2
)
,H−1 =
(
H−11 0
−H−12 X H
−1
2
)
.
PROOF OF THEOREM 7.1. Put X0 = H
−1
2 XH1 so (6.7) becomes
X0Λ1 − Λ2X0 = H
−1
2 DH1, which is just (6.6).
The theorem can be extended to the case where an evalue of
(
C1 0
0 C2
)
has multiplicity
greater than 1. If Br has repeated evalue, then in place of (6.1), one has
Br = HΛH
−1 where Λij =

λi for j = i
1 or 0 for j = i+ 1
0 otherwise .
But
(
λ 0
1 λ
)−1
=
(
λ−1 0
−λ−2 λ−1
)
so Λ does not satisfy the inversion principle, so a
different proof is needed.
Recall now the symmetric functions
[pi1pi2 · · · ]n =
′∑
n
Xpi1i1 X
pi2
i2
· · · , [pi1pi2 · · · ]N =
′∑
N
xpi1i1 x
pi2
i2
· · ·
where
′∑
n
sums over i1, i2, · · · distinct in 1, · · · , n .
The standardised function 〈pi1 · · · pij〉n = [pi1 · · · pij ]n/(n)j satisfies the invariance principle
E〈pi1 · · · pij〉n = 〈pi1 · · · pij〉N .
So for every partition pi of r, E〈pi〉n = 〈pi〉N . (54)
Now [1]2N =
∑
xixj =
∑
i 6=j
xixj +
∑
x2i = [1
2]N + [2]N
so [12]N = [1]
2
N − [2]N .
Similarly we can write
S(pi) =
r∑
pi′
V pi.pi
′
[pi]N and [pi]N = V (pi)
′
s(r) =
r∑
pi′
Vpi.pi′ s(pi
′
) (55)
where s(r) = {s
r1
1 s
r2
2 · · · : 1.r1 + 2.r2 + · · · = r} = {s(pi) : r(pi) = r},
s(pi) = spi1spi2 · · · , si = [i]N =
N∑
j=1
xij = Nmi and mi = EX
i.
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The constant column vector V (pi) = {Vpi.pi′ : r(pi
′
) = r} is given by the columns of Appendix
Table 10 of Stuart and Ord (1987) for r ≤ 6. The rows of this table give {V pi.pi
′
}. We can
write (7.9) as
([pi]N : r(pi) = r) = V s(r), nr × 1, where V = {V (pi)
′
} is nr × nr.
Now sr11 s
r2
2 · · · = N
qmr11 m
r2
2 · · · where q = r1 + r2 + · · · = q(1
r12r2 · · · ). That is, as before
q(pi) is the number of partitions in pi.
Also 〈pi〉N = [pi]N/(N)q(pi),
and s(r) = DNm(r) where DN = diag(N
q(pi) : r(pi) = r),
m(r) = {m
r1
1 m
r2
2 · · · : 1.r1 + 2.r2 + · · · = r}.
Also mu(r) = Gm(r) where G is a constant nr × nr matrix .
Set DN = diag{(N)q(pi) : r(pi) = r}, nr × nr.
(56)
So by (7.9), {〈pi〉N : r(pi) = r} = EN m(r) = FNmu(r)
where EN = D
−1
N V DN and FN = ENG
−1
and (7.8) can be written
E Fnm̂u(r) = FNm̂u(r), E Enm̂(r) = ENm(r), so that
Br = E
−1
n EN , B
−1
r = E
−1
N En, Cr = F
−1
n FN and C
−1
r = F
−1
N Fn.
This proves the univariate inversion principles. We now prove the multivariate inversion
principle.
For pi an ordered partition of r, [pi]1...r now depends on the order of pi1pi2 . . .. For example
[21]N123 =
′∑
xi1xi2xj3 6= [12]
N
123 =
′∑
xi1xj2xj3 = [21]231 = [21]321
Put another way, for pi an unordered partition, we need to consider not just [pi]1...r but all
distinct [pi]a for a any permutation of 1 . . . r.
For r = 3, this gives [3]123,[21]123,[21]231,[21]312,[1
3]123, so the dimension of µ(3)123 =
{µ(pi)123} is 5 whereas that for µ(3) was only 3.
As in (7.9) there exists a constant vector V (pi) such that
[pi]N1...r = V1...r(pi)
′S1...r(pi), that is ([pi]
N
1...r) = V s(r)1...r say. Also s(r)1..r = DNm(r)1..r where
DN as before but with dimensions dr say.
Redefining DN similarly.
So ED
−1
n V Dnm̂(r)1...r = ED
−1
n V S(r)1...r = ED
−1
n ([pi]
n
1...r)
= D
−1
N ([pi]
N
1...r) = D
−1
N V s(r)1..r = D
−1
N V DNm(r)1...r.
So Em̂(r)1...r = E
−1
n ENm(r)1...r where En = D
−1
n V Dn
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and E−1N Enm̂(r)1...r is an UE of m(r)1..r. This proves the multivariate inversion principle
for m(r)1...r. That for µ(r)1...r follows since µ(r)1...r = Gm(r)1...r where G is a constant non
singular matrix.
Note 7.1 The evalues of Br satisfy
|λV ΛnN − ΛnNV | = 0 where ΛnN = DnD
−1
N ,ΛnN = DnD
−1
N .
Since ΛnN and ΛnN are diagonal and V is lower-triangular, it follows that the evalues of
Br are {νi = eie
−i
1 , 1 ≤ i ≤ r} where ei = (n)i/(N)i, with νi having multiplicity equal to
the number of partitions pi of r with q(pi) = i.
Example 7.1 µ
′
(4) = (µ4, µ
2
2, µµ3, µ
2µ2, µ
4) so
B4 =
(
A4 0
B21 B22
)
has evalues ν1 ν
2
2 ν3 ν4, that is {ν1 = 1, ν2, ν2, ν3, ν4}.
But B22 =
 C3.3 0 03C12.3 C2.2 0
10C13.3 10C12.2 1
 has evalues ν1 = 1, ν2 = C2.2, ν3 = C3.3.
So A4 has evalues ν2, ν4 , as was confirmed using MAPLE.
To see that H for B4 is not constant, it suffices to show that H for A4 is not constant.
Set
(
a b
d c
)
= A4. Then Au = λu⇐⇒ (a− λ)u1 + bu2 = 0, du1 + (c− λ)u2 = 0,
=⇒ one can take u proportional to
(
b
λ− a
)
or
(
λ− c
d
)
.
So if H is constant for A4 then (λ− a)/b and (λ− c)/d are constant.
For λ = ν4, (λ− a)/b = −1/3 and (λ− c)/d = −3,
but for λ = ν2, (λ− a)/b = (Nn− n− 1−N)/(2Nn − 3n+ 3− 3N)
and (λ− c)/d = (2Nn− 3n+ 3− 3N)/(Nn − n− 1−N) depend on n and N .

Example 7.2 µ
′
(5) = (µ5,µ2µ3, µµ4, µ
2
2µ, µ
2µ3, µ
3µ2, µ
5)
so B6 has evalues ν1 ν
2
2 ν
2
3 ν4 ν5, that is {ν1 = 1, ν2, ν2, ν3, ν3, ν4, ν5}.
But by (2.7)B22 =
[
A4 0
C D
]
where D is lower triangular with diagonal (ν3 = C3.3, ν2 = C2.2, ν1 = 1).
So A5 has evalues ν3, ν5.
Example 7.3 B6 has evalues ν1ν
3
2ν
3
3ν
2
4ν5ν6.
But for r = 6, B22 =

A5 0 0 0 0
. A4 0 0 0
. . C3.3 0 0
. . . C2.2 0
. . . . 1

so has evalues ν1ν
2
2ν
2
3ν4ν5. So A6 has evalues ν2ν3ν4ν6. 
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The relation between the evalues of Ar and the number of pi with q(pi ) = i is not known.

8 Symmetric functions and efunctions
Here we extend the usual expressions for symmetric functions in terms of products of power
sums, and use these relations to show that the only efunctions are the noncentral moments
and the 2nd and 3rd order generalised central moments.
The symmetric function [pi1pi2 · · · ] =
∑′
N x
pi1
i1
xpi2i2 · · · is well defined for pi1, pi2, . . . any
real or complex numbers.
The constants V (pi) in (7.9) tabled in Stuart and Ord can be derived as follows. We use
an obvious notation.
[a][b] = [ab] + [a+ b] so [ab] = [a][b]− [a+ b],
[a][b][c] = [abc] +
3∑
[a, b+ c] + [a+ b+ c]
so [abc] = [a][b][c] −
3∑
[a][b+ c] + 2[a+ b+ c],
[a] · [d] = [a · · · d] +
6∑
[a, b, c+ d] +
3∑
[a+ b, c+ d]
+
4∑
[a, b+ c+ d] + [a+ b+ c+ d],
so [a . . . d] = [a] . . . [d]−
6∑
[a][b][c + d] +
3∑
[a+ b][c+ d]
+2
4∑
[a][b+ c+ d]− 6[a+ b+ c+ d],
[a] · · · [e] = [a...e] +
10∑
[abc, d + e] +
15∑
[a, b+ c, d + e]
+
10∑
[ab, c+ d+ e] +
10∑
[a+ b, c+ d+ e]
+
5∑
[a, b+ c+ d+ e] + [a+ ..+ e],
so[a...e] = [a]...[e] −
10∑
[a][b][c][d + e] +
15∑
[a][b+ c][d+ e]
+2
10∑
[a][b][c+ d+ e]− 2
10∑
[a+ b][c+ d+ e]
−6
5∑
[a][b+ c+ d+ e] + 24[a + ..+ e].
Setting Sm(1
r12r2 · · · ) =
∑m[a1 . . . ar1 , ar1+1 + ar1+2, . . . , ar1+2r2−1 + ar1+2r2 ,
ar1+2r2+1 + ar1+2r2+2 + ar1+2r2+3, . . .] (57)
and Tm(1
r12r2 . . .) =
∑m[a1] . . . [ar1 ][ar1+1 + ar1+2] . . . [ar1+2r2−1 + ar1+2r2 ]
[ar1+2r2+1 + ar1+2r2+2 + ar1+2r2+3] . . . , (58)
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where m = P (1r12r2 ...), we can write these pairs of equations more compactly as
T1(1
2) = S1(1
2) + S1(2), (59)
S1(1
2) = T1(1
2)− T1(2), (60)
T1(1
3) = S1(1
3) + S3(12) + S1(3), (61)
S1(1
3) = T1(1
3)− T3(12) + 2T1(3), (62)
T1(1
4) = S1(1
4) + S6(1
22) + S3(2
2) + S4(13) + S1(4), (63)
S1(1
4) = T1(1
4)− T6(1
22) + T3(2
2) + 2T4(13) − 6T1(4), (64)
T1(1
5) = S1(1
5) + S10(1
32) + S15(12
2) + S10(1
23)
+S10(23) + S5(14) + S1(5), (65)
S1(1
5) = T1(1
5)− T10(1
32) + T15(12
2) + 2T10(1
23)
−2T10(23) − 6T5(14) + 24T1(5). (66)
In this way we replace and extend the last row and column of the rth table in Appendix
Table 10 of Stuart and Ord by a pair of equations.
The general expression for T1(1
r) is
T1(1
r) =
r∑
i=1
Bri
where Bri can be written down from the expression for the partial exponential Bell poly-
nomial Bri(x) tabled on p307 of Comtet (1974). For example
B64(x) = 20x
3
1x3 + 45x
2
1x
2
2 gives B64 = S20(1
33) + S45(1
222).
In this way one obtains
T1(1
6) = S1(1
6) + S15(1
42) + S20(1
33) + S45(1
222) + S15(1
24)
+S60(123) + S15(2
3) + S15(24) + S6(15) + S10(3
2) + S1(6). (67)
The coefficients of the reverse series are most easily obtained from the coefficients of the
terms in the expansion of (1r) in Appendix Table 10. In this way we obtain
S1(1
6) = T1(1
6)− T15(1
42) + 2T20(1
33) + T45(1
222)− 6T15(1
24)
−2T60(123) − T15(2
3) + 6T15(24) + 24T6(15) + 4T10(3
2)− 120T1(6).
(More generally reading their rth table horizontally gives {Sm(pi)/m} in terms of {Tm′(pi
′)/m′},
while reading vertically gives the reverse. For example reading line 2 of their 3rd table gives
S3(12)/3 = 1.T1(3)/1 + 1.T3(12)/3, that is
∑3[a, b+ c] = 3[a+ b+ c] +∑3[a][b+ c].)
These expressions for {S1(1
i)} can be used to prove our assertion in Section 6 that the only
r − e functions are mr, ( with λ = 1), µab = ma+b −mamb where a+ b = r, with λ = C2.2,
and µabc = ma+b+c −
∑3mamb+c + 2mambmc where a+ b+ c = r, (with λ = C3.3).
We have 〈a+ b〉N = [a+ b]N/N = ma+b,
and 〈ab〉N = [ab]N/(N)2 = ([a]N [b]N − [a+ b]N )/(N)2
= (Nmamb −Nma+b)/(N − 1).
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So for 〈ab〉N + ν〈a + b.N to be proportional to an efunction for some constant ν, it must
equal N(mamb + θma+b)/(N − 1) for some constant θ, in which case since E〈pi〉n = 〈pi〉N ,
Eα(F̂ ) = λα(F ) where α(F ) = mamb + θma+b and λ = (1− n
−1)/(1−N−1) = C2.2.
So we need to solve (Nmamb −Nma+b)/(N − 1) = N(mamb + θma+b)/(N − 1).
This gives θ = ν = −1, which proves that (to within a multiplicative constant), µab =
ma+b −mamb is the only efunction of this type.
Taking a+ b = r makes it an r − e function.
A similar argument shows that for 〈abc〉N + ν1
∑3〈a, b+ c〉N
+ ν2〈a + b + c〉N to be proportional to an efunction, the efunction must be µabc and that
λ = C3.3.
However when one looks for a linear combination of say 〈abcd〉N , . . . ,
〈a+b+c+d〉N proportional to an efunction, we find that the only solutions have efunctions
of the form m
′
a or µa′b′ or µa′b′c′ .
We now give a much more general meaning to the symmetric function relations (8.3) -
(8.11). The functions S(pi) = Sm(pi)(pi) = Sm(pi) and T (pi) = Tm(pi)(pi) = Tm(pi) are defined
in terms of the functions [a1 . . . ar] and [a1] . . . [ar] respectively, where r = r(pi).
Let t(x1 . . . xr) = t(x1, . . . , xr) be an arbitrary function. Replace [a1 . . . ar] in the defini-
tion of S(pi) by
∑′
t(xi1 , . . . , xir ) and [a1] . . . [ar] in the definition of T (pi) by
∑
t(xi1 , . . . , xir ),
where
∑
sums over i1, . . . , ir in 1, . . . , N and
∑′
sums over distinct i1, . . . , ir in 1, . . . , N.
Then the relations (8.3) - (8.11) remain true.
For example (8.5) gives∑
t(xixjxk) = T (1
3) = S(13) + S(12) + S(3)
where S(13) =
′∑
t(xixjxk),
S(12) =
3∑ ′∑
t(xixjxj) =
′∑
{t(xixjxj) + t(xjxixj) + t(xjxjxi)}
and S(3) =
∑
t(xixixi).
Similarly (8.6) gives
′∑
t(xixjxk) = S(1
3) = T (13)− T (12) + 2T (3)
where T (13) =
∑
t(xixjxk),
T (12) =
3∑∑
t(xixjxj),
and T (3) =
∑
t(xixixi) = S(3).
If we choose t(x1x2 . . .) = x
a1
1 x
a2
2 . . . , we obtain our original (8.3) - (8.11). However the
population need no longer be real numbers : x1, . . . , xN can now belong to any space Ω,
and t(x1, . . . , xr) is any real ( or complex ) function on Ω
r. The preceding results on r-
efunctions may be similarly extended. Let us say that a(F ) is an efunction with evalue
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λnN if
Ea(F̂ ) = λnNa(F ).
Then for any functions tr(x1, . . . , xr) set
a1(F ) = Et1(X
′
1), (68)
a2(F ) = E{t2(X
′
1,X
′
1)− t2(X
′
1,X
′
2)}, (69)
and a3(F ) = E{t3(X
′
1X
′
1X
′
1)−
3∑
t3(X
′
1X
′
2X
′
2) + 2t3(X
′
1X
′
2X
′
3)} (70)
where X
′
1,X
′
2,X
′
3, . . . are independent with distribution F .
Then for 1 ≤ i ≤ 3, ai(F ) is an efunction with λnN = Ci.i.
We call a2 and a3 generalised 2nd and 3rd order central moments.
For if tr(x1 . . . xr) = f1(x1) . . . fr(xr) and Yi = fi(X)
then a2 = µ(Y1, Y2) = covar (Y1, Y2) and a3 = µ(Y1, Y2, Y3).
By the same argument as before there are no other efunctions of the form
s∑
r=1
∑
i1...ir=1
νi1...ir Etr(X
′
i1 , . . . ,X
′
ir ).
But any smooth functional T (F ) can be expanded about a fixed distribution F0 as
T (F ) = T (F0) +
∞∑
r=1
E TF0(X
′
1, . . . ,X
′
r)/r!
where TF0(x1, . . . , xr) is the rth functional (von Mises) derivative of T (F0).
So the only efunctions that exist are those of form (8.12) - (8.14).
Appendix A
Here, we give the coefficients Cpi,pi′ obtainable from Sukhatme (1944) needed for C−−r
of (3.4) and Cr of (1.7). The factorisations were obtained using MAPLE. Recall that
C
pi−,pi′+
= 0 so expressions like C2,12 = 0 are not included here.
We first give λ
(
pi
)
for pi a partition of r ≤ 6: λ
(
1i
)
= ei, λ
(
1i2
)
= ei+1 − 2ei+2,
λ
(
1i3
)
= ei+1 − 3ei+2 + 2ei+3, λ
(
1i4
)
= ei+1 − 7ei+2 + 12ei+3 − 6ei+4,
λ
(
1i5
)
= ei+1 − 15ei+2 + 50ei+3 − 60ei+4 + 24ei+5,
λ
(
6
)
= e1 − 31e2 + 180e3 − 390e4 + 360e5 − 120e6,
λ
(
22
)
= e2 − 2e3 + e4,
λ
(
23
)
= e2 − 4e3 + 5e4 − 2e5,
λ
(
24
)
= e2 − 8e3 + 19e4 − 18e5 + 6e6,
λ
(
32
)
= e2 − 6e3 + 13e4 − 12e5 + 4e6,
λ
(
23
)
= e3 − 3e4 + 3e5 − e6.
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Set fi = λ
(
i
)
n−i, Fi = Nfi, so F1 = 1,
F2 =
(
N − n
)
n−1
(
N − 1
)−1
,
F3 =
(
N − 2n
)(
N − n
)
n−2
(
N − 1
)−1
2
,
F4 =
(
N − n
)(
N2 − 6Nn+N + 6n2
)
n−3
(
N − 1
)−1
3
,
F5 =
(
N − 2n
)(
N − n
)(
N2 − 12Nn+ 5N + 12n2
)
n−4
(
N − 1
)−1
4
,
F6 =
(
N − n
)(
N4 − 30N3n+ 16N3 − 240Nn3 + 150N2n2 + 90Nn2 − 90N2n
− 4N + 11N2 + 120n4
)
n−5
(
N − 1
)−1
5
,
g1 = λ
(
12
)
n−3 = n−2
(
n− 1
)(
N − n
)
N−1
(
N − 1
)−1
2
,
g2 = λ
(
22
)
n−4 =
(
n− 1
)(
N − n
)
2
n−3N−1
(
N − 1
)−1
3
,
g3 =
(
λ
(
13
)
+ 3λ
(
22
))
n−4 =
(
n− 1
)(
4N − 5n− 2
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g4 = λ
(
23
)
n−5 =
(
n− 1
)(
N − n
)
2
(
N − 2n
)
n−4N−1
(
N − 1
)−1
4
,
g5 = λ
(
12
)
n−2 = n−1
(
n− 1
)
N−1
(
N − 1
)−1
,
g6 =
(
λ
(
14
)
+ 6λ
(
23
))
n−5,
=
(
n− 1
)(
N − n
)(
7N2 − 24Nn + 6n−N + 18n2
)
n−4N−1
(
N − 1
)−1
4
,
g7 = λ
(
24
)
n−6,
=
(
n− 1
)(
N − n
)
2
(
N2 − 6Nn+ 3N − 4 + 6n2
)
n−5N−1
(
N − 1
)−1
5
,
g8 = λ
(
13
)
n−4 =
(
n− 1
)(
N − 2n+ 1
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g9 = λ
(
32
)
n−6,
=
(
n− 1
)(
N − n
)
2
(
N2 − 4Nn−N + 4 + 4n2
)
n−5N−1
(
N − 1
)−1
5
,
g10 =
(
2λ
(
13
)
+ 3λ
(
22
))
=
(
n− 1
)(
5N − 7n− 1
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g11 =
(
6λ
(
13
)
+ 7λ
(
22
))
n−4
=
(
n− 1
)(
13N − 19n − 1
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g12 =
(
λ
(
14
)
+ 6λ
(
23
))
n−5,
=
(
n− 1
)(
N − n
)(
7N2 + 18n2 − 24Nn + 6n−N
)
n−4N−1
(
N − 1
)−1
4
,
g13 =
(
2λ
(
13
)
+ 9λ
(
22
))
n−4
=
(
n− 1
)(
11N − 13n − 7
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g14 =
(
2λ
(
13
)
+ λ
(
22
))
n−4,
=
(
n− 1
)(
3N − 5n+ 1
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g15 =
(
λ
(
13
)
+ λ
(
22
))
n−4 =
(
n− 1
)(
2N − 3n
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g16 =
(
λ
(
13
)
+ 6λ
(
22
))
n−4 =
(
n− 1
)(
7N − 8n − 5
)(
N − n
)
n−3N−1
(
N − 1
)−1
3
,
g17 =
(
λ
(
14
)
+ 6λ
(
23
))
n−5
=
(
n− 1
)(
N − n
)(
7N2 + 18n2 − 24nN + 6n−N
)
n−4N−1
(
N − 1
)−1
4
,
g18 = λ
(
32
)
n−6
=
(
n− 1
)(
N − n
)
2
(
N2 + 4n2 − 4nN −N + 4
)
n−5N−1
(
N − 1
)−1
5
,
h1 = λ
(
122
)
n−5 =
(
n− 1
)
2
(
N − n
)
2
n−4N−1
(
N − 1
)−1
4
,
h2 = λ
(
23
)
n−6 =
(
n− 1
)
2
(
N − n
)
3
n−5N−1
(
N − 1
)−1
5
,
h3 = λ
(
122
)
n−4 = n−3
(
n− 1
)
2
(
N − n
)
N−1
(
N − 1
)−1
3
,
h4 = λ
(
13
)
n−3 = n−2
(
n− 1
)
2
N−1
(
N − 1
)−1
2
,
and Fr = Nfr, Gr = N
2gr, Hr = N
3hr. Then,
C2,2 = F1 − F2 = N
(
n− 1
)
n−1
(
N − 1
)−1
,
C12,2 = F2 =
(
N − n
)
n−1
(
N − 1
)−1
,
40
C12,12 = 1,
C3,3 = F1 − 3F2 + 2F3 = N
2
(
n− 1
)
2
n−2
(
N − 1
)−1
2
,
C12,3 = F2 − F3 = N
(
n− 1
)(
N − n
)
n−2
(
N − 1
)−1
2
,
C12,12 = C2,2,
C12,13 = 0,
C13,3 = F3 =
(
N − 2n
)(
N − n
)
n−2
(
N − 1
)−1
2
,
C13,12 = 3C12,2,
C13,13 = 1,
C4,4 = F1 − 4F2 + 6F3 − 3F4
= N
(
n− 1
)(
n2N2 − 2n2N + 3n2 − 3n− 3nN2 + 3N2 + 3N
)
n−3
(
N − 1
)−1
3
,
C4,22 = 6G1 − 9G2 = 3N
(
n− 1
)(
2nN − 3n+ 3− 3N
)(
N − n
)
n−3
(
N − 1
)−1
3
,
C22,4 = F2 − 2F3 + F4 = N
(
n− 1
)(
nN − n− 1−N
)(
N − n
)
n−3
(
N − 1
)−1
3
,
C22,22 = G5 − 2G1 + 3G2
= N
(
n− 1
)(
n2N2 − 3n2N + 3n2 + 3n− 2nN2 + 3N2 − 3N
)
n−3
(
N − 1
)−1
3
,
C13,4 = F2 − 3F3 + 2F4 =
(
n− 1
)
2
(
N + 1
)
2
(
N − n
)
n−3
(
N − 1
)−1
3
,
C13,22 = −3G1 + 6G2 = −3
(
n− 1
)
2
(
N − n
)
Nn−3
(
N − 2
)−1
2
,
C13,13 = C3,3,
C13,122 = C13,14 = 0,
C122,4 = F3 − F4 = −
(
n− 1
)
N
(
N − 2n + 1
)(
N − n
)
n−3
(
N − 1
)−1
3
,
C122,22 = G1 − 3G2 =
(
n− 1
)
N
(
nN − 3N + 3
)(
N − n
)
n−3
(
N − 1
)−1
3
,
C122,13 = 2C12,3,
C122,122 = C2,2,
C122,14 = 0,
C14,4 = F4 =
(
N − n
)(
N2 + 6n2 − 6nN +N
)
n−3
(
N − 1
)−1
3
,
C14,22 = 3G2 = 3N
(
n− 1
)(
N − n
)
2
n−3
(
N − 1
)−1
3
,
C14,13 = 4C13,3,
C14,122 = 6C12,2,
C14,14 = 1,
C5,5 = F1 − 5F2 + 10F3 − 10F4 + 4F5
= N2
(
n− 1
)
2
(
n2N2 − 5n2N + 10n2 − 10n − 2nN2 + 2N2
+ 10N
)
n−4
(
N − 1
)−1
4
,
C5,23 = 10G1 − 10G3 + 40G4
= 10N2
(
n− 1
)
2
(
nN − 2n + 2− 2N
)(
N − n
)
n−4
(
N − 1
)−1
4
,
C23,5 = F2 − 4F3 + 5F4 − 2F5
= N2
(
n− 1
)
2
(
nN − n− 5−N
)(
N − n
)
n−4
(
N − 1
)−1
4
,
C23,23 = G5 − 7G1 + 5G3 − 20G4
= N2
(
n− 1
)
2
(
n2N2 − 2n2N + 2n2 + 10n− 5nN2 − 10N
+ 10N2
)
n−4
(
N − 1
)−1
4
,
C14,5 = F2 − 4F3 + 6F4 − 3F5
= N
(
n− 1
)(
N − n
)(
n2N2 − n2N + 6n2 − 3nN2 − 9nN − 6n+ 15N
+ 3N2
)
n−4
(
N − 1
)−1
4
,
C14,23 = −4G1 + 6G3 − 30G4
= −2N
(
n− 1
)(
N − n
)(
2n2N2 + n2N − 6n2 + 6n− 12nN2 + 9nN
+ 15N2 − 15N
)
n−4
(
N − 1
)−1
4
,
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C14,14 = C4,4,
C14,122 = C4,22 ,
C14,123 = C14,132 = C14,15 = 0,
C122,5 = F3 − 2F4 + F5
= −N
(
n− 1
)(
N − n
)(
−N2n+ 2n2N − 2n2 − 2n− 3nN + 5N
+N2
)
n−4
(
N − 1
)−1
4
,
C122,23 = 2G1 − 2G3 + 10G4
= 2N
(
n− 1
)(
N − n
)(
N2n2 − 2Nn2 + 2n2 + 3Nn− 4N2n+ 2n− 5N
+ 5N2
)
n−4
(
N − 1
)−1
4
,
C122,14 = C22,4,
C122,122 = C22,22 ,
C122,123 = C122,132 = C122,15 = 0,
C123,5 = F3 − 3F4 + 2F5 = −N
(
n− 1
)
2
(
−N2 + 2Nn+ 4n − 5N
)(
N − n
)
n−4
(
N − 1
)−1
4
,
C123,23 = G1 − 3G3 + 20G4
= N
(
n− 1
)
2
(
N2n− 10N2 + 8Nn− 8n+ 10N
)(
N − n
)
n−4
(
N − 1
)−1
4
,
C123,14 = 2C13,4,
C123,122 = 2C13,22 ,
C123,123 = C3,3,
C123,132 = C123,15 = 0,
C132,5 = F4 − F5 = N
(
n− 1
)(
N − n
)(
N2 + 6n2 − 6Nn− 6n+ 5N
)
n−4
(
N − 1
)−1
4
,
C132,23 = G3 − 10G4
= −N
(
n− 1
)(
N − n
)(
− 4N2n+ 5Nn2 + 12n − 12Nn − 10N
+ 10N2
)
n−4
(
N − 1
)−1
4
,
C132,14 = 3C122,4,
C132,122 = 3C122,22 ,
C132,123 = 3C12,3,
C132,132 = C2,2,
C132,15 = 0,
C15,5 = F5 =
(
N − 2n
)(
N − n
)(
N2 + 12n2 − 12nN + 5N
)
n−4
(
N − 1
)−1
4
,
C15,23 = 10G4 = 10N
(
n− 1
)(
N − n
)
2
(
N − 2n
)
n−4
(
N − 1
)−1
4
,
C15,14 = 5C14,4,
C15,122 = 5C14,22 ,
C15,123 = 10C13,3,
C15,132 = 10C12,2,
C15,15 = 1,
C6,6 = F1 − 6F2 + 15F3 − 20F4 + 15F5 − 5F6
= N
(
n− 1
)(
n4N4 − 9n4N3 + 31n4N2 − 39Nn4 + 40n4 − 5n3N4 + 30n3N3
− 80n3 − 95N2n3 + 30n3N + 120n2N2 + 20n2 + 100n2N + 10n2N4
− 10N3n2 − 75nN − 10nN4 − 75nN3 − 100nN2 + 20n − 20N + 80N3
+ 55N2 + 5N4
)
n−5
(
N − 1
)−1
5
,
C6,24 = 15
(
G1 − 4G2 +G6 − 5G7
)
= 15N
(
n− 1
)(
N − n
)(
n3N3 + 29n3N − 40n3 − 8N2n3 − 50n2N + 80n2
+ 16n2N2 − 4N3n2 − 10nN − 20n− nN2 + 7nN3 − 5N3 + 35N − 20
− 10N2
)
n−5
(
N − 1
)−1
5
,
C6,32 = 10
(
− 2G8 + 6G4 − 5G9
)
= 10N
(
n− 1
)(
N − n
)(
− 2N3n2 − 24n3N + 40n3 + 4N2n3 − 80n2 − 2n2N2
42
+ 40n2N + 20n − 11nN2 + 6nN3 + 5nN − 25N + 10N2 − 5N3
+ 20
)
n−5
(
N − 1
)−1
5
,
C6,23 = 15
(
3H1 − 5H2
)
= 15N2
(
n− 1
)
2
(
3nN − 5N + 10 − 10n
)(
N − n
)
2
n−5
(
N − 1
)−1
5
,
C24,6 = F2 − 5F3 + 10F4 − 9F5 + 3F6
= N
(
n− 1
)(
N − n
)(
n3N3 + 11n3N − 8n3 − 4N2n3 − 4n2N2 − 8n2 − 8n2N
− 4N3n2 + 12n + 42nN2 + 12nN + 6nN3 − 33N − 48N2 − 3N3
+ 12
)
n−5
(
N − 1
)−1
5
,
C24,24 = G5 − 5G1 + 6G10 − 9G6 + 45G7
= N
(
n− 1
)(
n4N4 − 9n4N3 + 53n4N2 − 135Nn4 + 120n4 − 12n3N3
+ 41N2n3 − 5n3N4 − 60n3N + 120n3 + 3N3n2 + 51n2N2 + 30n2N4
− 210n2N − 180n2 − 36nN3 + 495nN − 63nN4 − 180n + 45N4 + 180N
− 315N2 + 90N3
)
n−5
(
N − 1
)−1
5
,
C24,32 = −4G1 + 4G3 − 36G4 + 30G9
= −2N
(
n− 1
)(
N − n
)(
2n3N3 − 40n3 − 14N2n3 + 40n3N − 8N3n2
+ 22n2N2 − 40n2 − 10n2N + 18nN3 + 60n − 33nN2 + 15nN − 15N3
− 75N + 30N2 + 60
)
n−5
(
N − 1
)−1
5
,
C24,23 = 3
(
2H3 − 9H1 + 15H2
)
= 3N2
(
n− 1
)
2
(
N − n
)(
2n2N2 +−9n2N + 10n2 + 24nN − 9nN2 − 45N
+ 15N2 + 30
)
n−5
(
N − 1
)−1
5
,
C32,6 = F2 − 6F3 + 13F4 − 12F5 + 4F6
= N
(
n− 1
)
2
(
N − n
)(
n2N3 − 4n2 − 2n2N2 + 5n2N
− 12nN2 + 3Nn− 12n − 3nN3 + 2N3 − 8 + 22N + 32N2
)
n−5
(
N − 1
)−1
5
,
C32,24 = −6G1 + 3G11 − 12G12 + 60G7
= −3N
(
n − 1
)
2
(
N − n
)(
2n2N3 + 20n2 − 5n2N2 − 5n2N − 9nN3 + 12nN2 − 15Nn +
60n + 40− 70N + 20N2 + 10N3
)
n−5
(
N − 1
)−1
5
,
C32,32 = G5 − 6G1 + 2G13 − 48G4 + 40G9
= N
(
n− 1
)
2
(
N4n3 − 10Nn3 − 40n3 + 25N2n3 − 8N3n3 − 26N2n2
− 4N4n2 + 8N3n2 + 70Nn2 − 120n2 − 4N3n+ 220Nn − 70N2n− 80n
+ 14N4n+ 80N − 100N2 − 20N4 + 40N3
)
n−5
(
N − 1
)−1
5
,
C32,23 = 3
(
3H3 − 12H1 + 20H2
)
= 3N2
(
n− 1
)
2
(
N − n
)(
3n2N2 + 20n2 − 15n2N − 12nN2 + 32Nn
+ 40 + 20N2 − 60N
)
n−5
(
N − 1
)−1
5
,
C23,6 = F3 − 3F4 + 3F5 − F6
= −N
(
n− 1
)(
N − n
)(
− n2N3 + 2n3N2 − 6n3N + 4n3 − 4n2N2 + 4n2
+ n2N + 14nN2 + 4n+ 2nN3 + 4Nn−N3 + 4− 16N2 − 11N
)
n−5
(
N − 1
)−1
5
C23,24 = 3
(
G1 −G14 +G6 − 5G7
)
= 3N
(
n− 1
)(
N − n
)(
n3N3 − 20n3 − 7n3N2 + 20n3N − 3n2N3 + 2n2N2
+ 15n2N − 20n2 − 10Nn − nN2 + 7nN3 − 20n + 35N − 5N3 − 20
− 10N2
)
n−5
(
N − 1
)−1
5
,
C23,32 = 2
(
− 3G2 + 6G4 − 5G9
)
= −2N
(
n− 1
)(
N − n
)
2
(
3n2N2 + 20n2 − 15n2N − 6nN2 + 10Nn − 5N
+ 5N2 + 20
)
n−5
(
N − 1
)−1
5
,
C23,23 = H4 − 3H3 + 9H1 − 15H2
= N2
(
n− 1
)
2
(
n3N3 − 30n3 − 9n3N2 + 29n3N + 9n2N2 − 6n2N − 3n2N3
43
+ 30n − 9nN2 − 45Nn + 9nN3 − 30N + 45N2 − 15N3
)
n−5
(
N − 1
)−1
5
.
This completes
{
Cpi−,pi−
}
for C6. We now give
{
Cpi+,pi−
}
for C6:
C15,6 = F2 − 5F3 + 10F4 − 10F5 + 4F6
=
(
N − n
)(
N + 1
)
2
(
n− 1
)
2
(
n2N2 − 5n2N + 16n2 − 2nN2 − 10nN
− 12n + 2N2 + 30N − 8
)
n−5
(
N − 1
)−1
5
,
C15,24 = 5
(
−G1 + 6G2 − 2G17 + 12G7
)
= −5N
(
n− 1
)
2
(
N − n
)(
n2N3 − 6n2N2 + 29n2N − 48n2 − 4nN3 + 36n
− 8nN + 12N2 + 6N3 + 24− 42N
)
n−5
(
N − 1
)−1
5
,
C15,32 = 10
(
G8− 4G4 + 4G18
)
= −10N
(
n− 1
)
2
(
N − n
)(
− nN3 + 2n2N2 − 10n2N + 16n2 − 12n + 5nN
+ 2N3 − 4N2 − 8 + 10N
)
n−5
(
N − 1
)−1
5
,
C15,23 = 30
(
−H1 + 2H2
)
= −30N2
(
n− 1
)
2
(
N − n
)
2
(
nN − 3n+ 4− 2N
)
n−5
(
N − 1
)−1
5
,
C124,6 = F3 − 4F4 + 6F5 − 3F6
= −N
(
n− 1
)(
N − n
)(
−N3n2 + 22n3 + 2N2n3 − 10N2n2 − 47Nn2
− 38n2 + 3N3n+ 87Nn + 12n + 42N2n− 33N − 3N3 + 12
− 48N2
)
n−5
(
N − 1
)−1
5
,
C124,24 = G1 − 12G2 + 6G6 − 45G7
= N
(
n− 1
)(
N − n
)(
− 12N3n2 + 47Nn3 − 90n3 +N3n3 + 330n2 − 132Nn2
− 24N2n2 − 105Nn − 180n + 42N3n+ 99N2n+ 315N − 90N2 − 45N3
− 180
)
n−5
(
N − 1
)−1
5
,
C124,32 = −4G8 + 24G4 − 30G9
= 2N
(
n− 1
)(
N − n
)(
− 2N3n2 − 12Nn3 + 20n3 + 4N2n3 + 62Nn2 − 20N2n2
− 100n2 + 60n − 15Nn + 3N2n+ 12N3n− 75N + 30N2 − 15N3
+ 60
)
n−5
(
N − 1
)−1
5
,
C124,23 = 18H1 − 45H2
= 9N2
(
n− 1
)
2
(
2Nn − 5n + 10− 5N
)(
N − n− 1
)(
N − n
)
n−5
(
N − 1
)−1
5
,
C123,6 = F3 − 4F4 + 5F5 − 2F6
= −
(
N + 1
)
2
(
n− 1
)
2
(
N − n
)(
−N2n− 2n2 + 2Nn2 − 5Nn− 6n+N2
+ 15N − 4
)
n−5
(
N − 1
)−1
5
,
C123,24 = G1 − 6G15 + 5G6 − 30G7
= N
(
n− 1
)
2
(
N − n
)(
N3n2 − 25Nn2 + 30n2 + 6N2n2 − 20Nn
− 10N3n+ 90n − 105N + 30N2 + 15N3 + 60
)
n−5
(
N − 1
)−1
5
,
C123,32 = G1 −G16 + 20G4 − 20G9
= N
(
n− 1
)
2
(
N − n
)(
N3n2 + 15Nn2 − 20n2 − 4N2n2 − 5N3n+ 25Nn
− 60n − 40 + 50N + 10N3 − 20N2
)
n−5
(
N − 1
)−1
5
,
C123,23 = −3H3 + 15H1 − 30H2
= −3N2
(
n− 1
)
2
(
N − n
)(
N2n2 − 4Nn2 + 5n2 − 5N2n+ 5n+ 10Nn
+ 20− 30N + 10N2
)
n−5
(
N − 1
)−1
5
,
C133,6 = F4 − 3F5 + 2F6
= N
(
n− 1
)
2
(
N − n
)(
N3 + 18n2 + 6Nn2 − 6n − 36Nn− 6N2n− 4
+ 11N + 16N2
)
n−5
(
N − 1
)−1
5
,
C133,24 = 3G2 − 3G6 + 30G7
= −3N
(
n− 1
)
2
(
N − n
)(
−N3n+ 9Nn2 − 10n2 +N2n2 − 5Nn− 12N2n
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+ 30n + 20 − 35N + 10N2 + 5N3
)
n−5
(
N − 1
)−1
5
,
C133,32 = G8 − 12G4 + 20G9
= −N
(
n− 1
)
2
(
N − n
)(
−N3n+ 6Nn2 + 2N2n2 + 45Nn− 60n − 24N2n
− 40− 20N2 + 50N + 10N3
)
n−5
(
N − 1
)−1
5
,
C133,23 = −9H1 + 30H2
= −3N2
(
n− 1
)
2
(
N − n
)
2
(
3Nn − 5n+ 20− 10N
)
n−5
(
N − 1
)−1
5
,
C1222,6 = F4 − 2F5 + F6
= N
(
n− 1
)(
N − n
)(
N3n− 6n3 + 6Nn3 − 6N2n2 − 12Nn2 − 6n2
+ 29Nn + 4n + 14N2n− 16N2 − 11N −N3 + 4
)
n−5
(
N − 1
)−1
5
,
C1222,24 = G14 − 2G6 + 15G7
= −N
(
n− 1
)(
N − n
)(
− 3N3n2 − 9Nn3 + 10n3 + 5N2n3 + 21Nn2 − 22N2n2
+ 10n2 − 35Nn + 33N2n− 60n + 14N3n+ 105N − 30N2 − 15N3
− 60
)
n−5
(
N − 1
)−1
5
,
C1222,32 = 2G2 − 8G4 + 10G9
= 2N
(
n− 1
)(
N − n
)
2
(
N2n2 −Nn2 − 4N2n− 5N + 20
+ 5N2
)
n−5
(
N − 1
)−1
5
,
C1222,23 = H3 − 6H1 + 15H2
= N2
(
n− 1
)
2
(
N − n
)(
N2n2 − 3Nn2 + 5n2 − 6N2n+ 6Nn+ 15n + 15N2
+ 30− 45N
)
n−5
(
N − 1
)−1
5
,
C142,6 = F5 − F6
= N
(
n− 1
)(
N − n
)(
N − 2n+ 1
)(
N2 + 12n2 − 12Nn− 12n − 4 + 15N
)
n−5
(
N − 1
)−1
5
,
C142,24 = G6 − 15G7
= N
(
n− 1
)(
N − n
)(
7N3n+ 18Nn3 + 60n2 − 24N2n2 − 54Nn2 − 60n
+ 69N2n− 40Nn + 105N − 30N2 − 15N3 − 60
)
n−5
(
N − 1
)−1
5
,
C142,32 = 2
(
2G4 − 5G9
)
= 2N
(
n− 1
)(
N − n
)
2
(
2N2n− 4Nn2 + 10Nn − 20 − 5N2
+ 5N
)
n−5
(
N − 1
)−1
5
,
C142,23 = 3
(
H1 − 5H2
)
= 3N2
(
n− 1
)
2
(
N − n
)
2
(
Nn+ 10 − 5N
)
n−5
(
N − 1
)−1
5
,
C16,6 = F6
=
(
N − n
)(
− 30N3n+ 120n4 − 240Nn3 + 150N2n2 + 90Nn2 − 90N2n
− 4N + 11N2 + 16N3 +N4
)
n−5
(
N − 1
)−1
5
,
C16,24 = 15G7
= 15N
(
n− 1
)(
N − n
)
2
(
N2 + 6n2 − 6Nn + 3N − 4
)
n−5
(
N − 1
)−1
5
,
C16,32 = 10G9
= 10N
(
n− 1
)(
N − n
)
2
(
N2 + 4n2 − 4Nn −N + 4
)
n−5
(
N − 1
)−1
5
,
C16,23 = 15H2
= 15N2
(
n− 1
)
2
(
N − n
)
3
n−5
(
N − 1
)−1
5
.
Finally,
{
Cpi+,pi+
}
for C6 are obtainable using (3.7).
Appendix B
This gives Cpi,pi′ for C−−r of (3.4) and Cr of (1.7) when N =∞.
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The results of Appendix A hold with
F1 = 1, F2 = n
−1, F3 = n
−2, F4 = n
−3, F5 = n
−4, F6 = n
−5, G1 =
(
n − 1
)
n−2, G2 =(
n− 1
)
n−3, G3 = 4G2, G4 =
(
n− 1
)
n−4,
G5 =
(
n− 1
)
n−1, G6 = 7G4, G7 =
(
n− 1
)
n−5,
G8 = G2, G9 = G7, G10 = 5G2,
G11 = 13G2, G12 = 7G4, G13 = 11G2, G14 = 3G2, G15 = 2G2, G16 = 7G2,
H1 =
(
n− 1
)
2
n−4, H2 =
(
n− 1
)
2
n−5, H3 =
(
n− 1
)
2
n−3, H4 =
(
n− 1
)
2
n−2,
C2,2 =
(
n− 1
)
n−1, C12,2 = n
−1, C12,12 = 1,
C3,3 =
(
n− 1
)
2
n−2, C12,3 =
(
n− 1
)
n−2, C12,12 =
(
n− 1
)
n−1, C12,13 = 0,
C13,3 = n
−2, C13,12 = 3n
−1, C13,13 = 1,
C4,4 =
(
n− 1
)(
n2 − 3n+ 3
)
n−3, C4,22 = 3
(
n− 1
)(
2n − 3
)
n−3,
C22,4 =
(
n− 1
)2
n−3, C22,22 =
(
n− 1
)(
n2 − 2n+ 3
)
n−3,
C13,4 =
(
n− 1
)
2
n−3, C13,22 = −3
(
n− 1
)
2
n−3, C13,13 = C3,3,
C13,122 = C13,14 = 0,
C122,4 =
(
n− 1
)
n−3, C122,22 =
(
n− 1
)(
n− 3
)
n−3, C122,13 = 2
(
n− 1
)
n−2,
C122,122 =
(
n− 1
)
n−1, C122,14 = 0,
C14,4 = n
−3, C14,22 = 3
(
n− 1
)
n−3, C14,13 = 4n
−2, C14,122 = 6n
−1, C14,14 = 1,
C5,5 =
(
n− 1
)
2
(
n2 − 2n+ 2
)
n−4, C5,23 = 10
(
n− 1
)(
n− 2
)2
n−4,
C23,5 =
(
n− 2
)(
n− 1
)2
n−4, C23,23 =
(
n− 1
)
2
(
n2 − 5n+ 10
)
n−4,
C14,5 =
(
n− 1
)(
n2 − 3n+ 3
)
n−4, C14,23 = −2
(
n− 1
)(
2n2 − 12n + 15
)
n−4,
C14,14 = C4,4, C14,122 = C4,22 , C14,123 = C14,132 = C14,15 = 0,
C122,5 =
(
n− 1
)2
n−4, C122,23 = 2
(
n− 1
)(
n2 − 4n+ 5
)
n−4, C122,14 = C22,4,
C122,122 = C22,22 , C122,123 = C122,132 = C122,15 = 0,
C123,5 =
(
n− 1
)
2
n−4, C123,23 =
(
n− 10
)(
n− 1
)
2
n−4, C123,14 = 2C31,4,
C123,122 = 2C13,22 , C123,123 = C3,3, C123,132 = C123,15 = 0,
C132,5 =
(
n− 1
)
n−4, C132,23 = 2
(
n− 1
)(
2n− 5
)
n−4, C132,14 = 3C122,4,
C132,122 = 3C122,22 , C132,123 = 3C12,3, C132,132 = C2,2, C132,15 = 0,
C15,5 = n
−4, C15,23 = 10
(
n− 1
)
n−4, C15,14 = 5C14,4, C15,122 = 15C14,22 ,
C15,123 = 10C13,3, C15,132 = 10C12,2, C15,15 = 1,
C6,6 =
(
n− 1
)(
n4 − 5n3 + 10n2 − 10n + 5
)
n−5,
C6,24 = 15
(
n− 1
)(
n3 − 4n2 + 7n− 5
)
n−5,
C6,32 = −10
(
n− 1
)(
2n2 − 6n + 5
)
n−5,
C6,23 = 15
(
3n− 5
)(
n− 1
)
2
n−5,
C24,6 =
(
n2 − 3n+ 3
)(
n− 1
)2
n−5,
C24,24 =
(
n− 1
)(
n4 − 5n3 + 30n2 − 63n + 45
)
n−5,
C24,32 = −2
(
n− 1
)(
2n3 − 8n2 + 18n− 15
)
n−5,
C24,23 = 3
(
n− 1
)
2
(
2n2 − 9n+ 15
)
n−5,
C32,6 =
(
n− 1
)2(
n− 2
)2
n−5,
C32,24 = −3
(
n− 1
)(
2n− 5
)(
n− 2
)2
n−5,
C32,32 =
(
n− 1
)(
n2 − 2n+ 10
)(
n− 2
)2
n−5,
C32,23 = 3
(
n− 1
)
2
(
3n2 − 12n + 20
)
n−5,
C23,6 =
(
n− 1
)3
n−5,
C23,24 = 3
(
n2 − 2n+ 5
)(
n− 1
)2
n−5,
C23,32 = −2
(
n− 1
)(
3n2 − 6n+ 5
)
n−5,
C23,23 =
(
n− 1
)
2
(
n3 − 3n2 + 9n− 15
)
n−5,
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C124,6 =
(
n− 1
)(
n2 − 3n+ 3
)
n−5,
C124,24 =
(
n− 1
)(
n− 3
)(
n2 − 9n + 15
)
n−5,
C124,32 = −2
(
n− 1
)(
2n2 − 12n + 15
)
n−5,
C124,3 = 9
(
2n− 5
)(
n− 1
)
2
n−5,
C123,6 =
(
n− 2
)(
n− 1
)2
n−5,
C123,24 =
(
n− 1
)
2
(
n2 − 10n + 15
)
n−5,
C123,32 =
(
n− 1
)
2
(
n2 − 5n + 10
)
n−5,
C123,23 = −3
(
n− 1
)
2
(
n2 − 5n+ 10
)
n−5,
C133,6 =
(
n− 1
)
2
n−5,
C133,24 = 3
(
n− 5
)(
n− 1
)
2
n−5,
C133,32 =
(
n− 10
)(
n− 1
)
2
n−5,
C133,23 = −3
(
3n− 10
)(
n− 1
)
2
n−5,
C1222,6 =
(
n− 1
)2
n−5,
C1222,24 =
(
3n− 5
)(
n− 1
)(
n− 3
)
n−5,
C1222,32 = 2
(
n− 1
)(
n2 − 4n+ 5
)
n−5,
C1222,23 =
(
n− 1
)
2
(
n2 − 6n+ 15
)
n−5,
C142,6 =
(
n− 1
)
n−5,
C142,24 =
(
n− 1
)(
7n− 15
)
n−5,
C142,32 = 2
(
n− 1
)(
2n− 5
)
n−5,
C142,23 = 3
(
n− 5
)(
n− 1
)
2
n−5,
C16,6 = n
−5,
C16,24 = 15
(
n− 1
)
n−5,
C16,32 = 10
(
n− 1
)
n−5,
C16,23 = 15
(
n− 1
)
2
n−5.
Appendix C
Here, we give for r ≤ 6, C−1−−rC
−1
1,1 = C
1,1
r =
(
Cpi−,pi
′
−
)
for the case N = ∞. By (3.4) this
is needed for the UE of µ−(r). By the inversion principle, these elements are C
pi,pi′(∞, n) =
C
pi,pi′(n,∞). We also give the other elements of C
−1
r , C
2,1
r and C
2,2
r for r ≤ 5 defined by
(2.9). These are needed for the UE of µ+(r) in (3.8). Set Br(N,n) = Br, Cr(N,n) = Cr.
Then B−1r = Br(n,N), C
−1
r = Cr(n,N),
C1,12 = C
−1
2,2 = C
2,2 = n
(
n− 1
)−1
,
C2,12 = C
12,2 = −
(
n− 1
)−1
,
C2,22 = C
12,12 = 1.
C1,13 = C
−1
3,3 = C
3,3 =
(
n− 1
)−1
2
n2,C2,13 =
(
C12,3
C1
3,3
)
,
C12,3 = −n
(
n− 1
)−1
2
,
C1
3,3 = 2
(
n− 1
)−1
2
,
C2,23 =
(
C12,12 C12,1
3
C1
3,12 C1
3,13
)
,
C12,12 = n
(
n− 1
)−1
,
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C12,1
3
= 0,
C1
3,12 = −3
(
n− 1
)−1
,
C1
3,13 = 1.
C114 =
(
C4,4 C4,2
2
C2
2,4 C2
2,22
)
,
C4,4 = n
(
n2 − 2n + 3
)(
n− 1
)−1
3
,
C4,2
2
= −3n
(
2n− 3
)(
n− 1
)−1
3
,
C2
2,4 = −n
(
n− 2
)−1
2
,
C2
2,22 = n
(
n2 − 3n+ 3
)(
n− 1
)−1
3
,
C2,14 =
 C13,4 C13,2
2
C1
22,4 C1
22,22
C1
4,4 C1
4,22
 ,
C13,4 = −n
(
1 + n
)(
n− 1
)−1
3
,
C13,2
2
= 3n
(
n− 2
)−1
2
,
C1
22,4 = 2n
(
n− 1
)−1
3
,
C1
22,22 = −n2
(
n− 1
)−1
3
,
C1
4,4 = −6
(
n− 1
)−1
3
,
C1
4,22 = 3n
(
n− 1
)−1
3
,
C2,24 =
 C13,13 C13,1
22 C13,1
4
C1
22,13 C1
22,122 C1
22,14
C1
4,13 C1
4,122 C1
4,14
 ,
C13,13 = n2
(
n− 1
)−1
2
,
C13,1
22 = 0,
C13,1
4
= 0,
C1
22,13 = −2n
(
n− 1
)−1
2
,
C1
22,122 = n
(
n− 1
)−1
,
C1
22,14 = 0,
C1
4,13 = 8
(
n− 1
)−1
2
,
C1
4,122 = −6
(
n− 1
)−1
,
C1
4,14 = 1.
C1,15 =
(
C5,5 C5,23
C23,5 C23,23
)
,
C5,5 = n2
(
n2 − 5n+ 10
)(
n− 1
)−1
4
,
C5,23 = −10n2
(
n− 1
)−1(
n− 3
)−1
2
,
C23,5 = −n2
(
n− 2
)−1
3
,
C23,23 = n2
(
n2 − 2n + 2
)(
n− 1
)−1
4
,
C2,15 =

C14,5 C14,23
C12
2,5 C12
2,23
C1
23,5 C1
23,23
C1
32,5 C1
32,23
C1
5,5 C1
5,23
 ,
48
C14,5 = −n
(
n2 − n+ 6
)(
n− 1
)−1
4
,
C14,23 = 2n
(
n+ 2
)(
2n− 3
)(
n− 1
)−1
4
,
C12
2,5 = 2n
(
n− 2
)−1
3
,
C12
2,23 = −2n
(
n2 − 2n+ 2
)(
n− 1
)
4
,
C1
23,5 = 2n
(
n+ 2
)(
n− 1
)−1
4
,
C1
23,23 = −n
(
n2 + 8n− 8
)(
n− 1
)−1
4
,
C1
32,5 = −6n
(
n− 1
)−1
4
,
C1
32,23 = 5n2
(
n− 1
)−1
4
,
C1
5,5 = 24
(
n− 1
)−1
4
,
C1
5,23 = −20n
(
n− 1
)−1
4
,
C2,25 =

C14,14 C14,12
2
C14,1
23 C14,1
32 C14,1
5
C12
2,14 C12
2,122 C12
2,123 C12
2,132 C12
2,15
C1
23,14 C1
23,122 C1
23,123 C1
23,132 C1
23,15
C1
32,14 C1
32,122 C1
32,123 C1
32,132 C1
32,15
C1
5,14 C1
5,122 C1
5,123 C1
5,132 C1
5,15
 ,
C14,14 = n
(
n2 − 2n+ 3
)(
n− 1
)−1
3
,
C14,12
2
= −3n
(
2n− 3
)(
n− 1
)−1
3
,
C14,1
23 = 0,
C14,1
32 = 0,
C14,1
5
= 0,
C12
2,14 = −n
(
n− 2
)−1
2
,
C12
2,122 = n
(
n2 − 3n+ 3
)(
n− 1
)−1
3
,
C12
2,123 = 0,
C12
2,132 = 0,
C12
2,15 = 0,
C1
23,14 = −2n
(
n+ 1
)(
n− 1
)−1
3
,
C1
23,122 = 6n
(
n− 2
)−1
2
,
C1
23,123 = n2
(
n− 1
)−1
2
,
C1
23,132 = 0,
C1
23,15 = 0,
C1
32,14 = 6n
(
n− 1
)−1
3
,
C1
32,122 = −3n2
(
n− 1
)−1
3
,
C1
32,123 = −3n
(
n− 1
)−1
2
,
C1
32,132 = n
(
n− 1
)−1
,
C1
32,15 = 0,
C1
5,14 = −30
(
n− 1
)−1
3
,
C1
5,122 = 15n
(
n− 1
)−1
3
,
C1
5,123 = 20
(
n− 1
)−1
2
,
C1
5,132 = −10
(
n− 1
)−1
,
C1
5,15 = 1.
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C1,16 =

C6,6 C6,24 C6,3
2
C6,2
3
C24,6 C24,24 C24,3
2
C24,2
3
C3
2,6 C3
2,24 C3
2,32 C3
2,23
C2
3,6 C2
3,24 C2
3,32 C2
3,23
 ,
C6,6 = n
(
n4 − 9n3 + 31n2 − 39n + 40
)(
n− 1
)−1
5
,
C6,24 = −15n
(
n3 − 8n2 + 29n − 40
)(
n− 1
)−1
5
,
C6,3
2
= −40n
(
n2 − 6n+ 10
)(
n− 1
)−1
5
,
C6,2
3
= 15n2
(
3n− 10
)(
n− 1
)−1
5
,
C24,6 = −n
(
n2 − 3n + 8
)(
n− 2
)−1
4
,
C24,24 = n
(
n4 − 9n3 + 53n2 − 135n + 120
)(
n− 1
)−1
5
,
C24,3
2
= 4n
(
n2 − 5n+ 10
)(
n− 1
)−1(
n− 3
)−1
3
,
C24,2
3
= −3n2
(
2n− 5
)(
n− 1
)−1(
n− 3
)−1
3
,
C3
2,6 = −n
(
n2 − n+ 4
)(
n− 2
)−1
4
,
C3
2,24 = 3n
(
2n3 − 5n2 − 5n+ 20
)(
n− 1
)−1
5
,
C3
2,32 = n
(
n4 − 8n3 + 25n2 − 10n − 40
)(
n− 1
)−1
5
,
C3
2,23 = −3n2
(
3n2 − 15n+ 20
)(
n− 1
)−1
5
,
C2
3,6 = 2n
(
n− 3
)−1
3
,
C2
3,24 = −3n
(
n2 − 5n + 10
)(
n− 1
)−1(
n− 3
)−1
3
,
C2
3,32 = −2n
(
3n2 − 15n + 20
)(
n− 1
)−1
5
,
C2
3,23 = n2
(
n2 − 7n+ 15
)(
n− 1
)−1(
n− 3
)−1
3
,
C1
24,6 = 2n
(
n2 + 11
)(
n− 1
)−1
5
,
C1
24,24 = −n
(
n3 + 47n − 90
)(
n− 1
)−1
5
,
C1
24,32 = −4
(
n+ 5
)
n
(
n− 3
)−1
3
(
n− 1
)−1
,
C1
24,23 = 9n2
(
2n− 5
)(
n− 1
)−1
5
,
C123,6 = 2
(
n+ 1
)
n
(
n− 2
)−1
4
,
C123,24 = −n
(
n3 + 6n2 − 25n + 30
)(
n− 1
)−1
5
,
C123,3
2
= −n
(
n3 + 15n − 4n2 − 20
)(
n− 1
)−1
5
,
C123,2
3
= 3n2
(
n2 − 4n + 5
)(
n− 1
)−1
5
,
C1
33,6 = −6n
(
3 + n
)(
n− 1
)−1
5
,
C1
33,24 = 3
(
n+ 10
)
n
(
n− 2
)−1
4
,
C1
33,32 = 2n2
(
3 + n
)(
n− 1
)−1
5
,
C1
33,23 = −3n2
(
3n − 5
)(
n− 1
)−1
5
,
C1
222,6 = −6n
(
n− 2
)−1
4
,
C1
222,24 = n
(
5n2 − 9n+ 10
)(
n− 1
)−1
5
,
C1
222,32 = 2n2
(
n− 2
)−1
4
,
C1
222,23 = −n2
(
n2 − 3n+ 5
)(
n− 1
)−1
5
,
C1
42,6 = 24n
(
n− 1
)−1
5
,
C1
42,24 = −18n2
(
n− 1
)−1
5
,
C1
42,32 = −8n2
(
n− 1
)−1
5
,
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C1
42,23 = 3n3
(
n− 1
)−1
5
,
C1
6,6 = −120
(
n− 1
)−1
5
,
C1
5,24 = 90n
(
n− 1
)−1
5
,
C1
5,32 = 40n
(
n− 1
)−1
5
,
C1
5,23 = −15n2
(
n− 1
)−1
5
.
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Appendix D
Here, we give a = a(pi), b = b(pi) needed in (1.11), the explicit formula for the UEs of
products of cumulants up to order six:
κ4 : a =
(
1,−3
)
aC−1−−4 = n
(
N − 1
)
N−3
(
n− 1
)−1
3
(
J1, J2
)
,
J1 = N
2n2 − 6Nn2 + 6n2 + 6n+N2n− 6N,
J2 = −3
(
N2n2 −N2n− 4Nn2 + 6n2 + 6N − 6n
)
.
κ5 : a =
(
1,−10
)
,
aC−1−−5 = n
2
(
N − 1
)
2
N−4
(
n− 1
)−1
4
(
J1, J2
)
,
J1 = N
2n2 − 12Nn2 + 12n2 + 5N2n+ 60n − 60N,
J2 = −10
(
N2n2 −N2n− 6Nn2 + 12n2 + 12N − 12n
)
.
κ4µ : b =
(
0, 0, 1,−3, 0, 0, 0
)
,
bC−15 = n
(
N − 1
)
N−4
(
n− 1
)−1
4
(
J1, J2, J3, J4, 0, 0, 0
)
,
J1 = −
(
N − n
)(
N2n2 + 5N2n− 18Nn− 6Nn2 − 12N + 6n2 + 30n
)
,
J2 = 2
(
N − n
)(
5N2n2 − 5N2n+ 18Nn− 24Nn2 + 12N + 30n2
−30n
)
,
J3 = N
(
n− 4
)(
N2n2 − 6Nn2 + 6n2 + 6n+N2n− 6N
)
,
J4 = −3N
(
n− 4
)(
N2n2 −N2n− 4Nn2 + 6n2 + 6N − 6n
)
.
κ6 : a =
(
1,−15,−10, 30
)
,
aC−1−−6 = n
(
N − 1
)(
n− 1
)−1
5
N−5
(
J1, J2, J3, J4
)
,
J1 = 1890N
2n2 − 1800Nn − 2400Nn2 + 600N2n− 90N3n3 + 480N
−480n + 480N2 − 120N3 + 1320n2 + 1920n3 − 30N3n4
+N4n4 + 480N2n3 − 1800Nn3 − 390N3n2 − 90N3n+ 150N2n4
−240Nn4 + 16N4n3 + 11N4n2 − 4N4n+ 120n4,
J2 = −15
(
6N2n2 + 1320Nn − 360N2n− 480N + 480n − 480N2
+120N3 − 840n2 + 240n3 − 16N3n4 +N4n4 + 36N2n3
−96Nn3 − 26N3n2 + 90N3n+ 78N2n4 − 168Nn4 + 2N4n3
−7N4n2 + 4N4n+ 120n4
)
,
J3 = −10
(
− 54N2n2 − 1080Nn + 120Nn2 + 240N2n+ 480N − 480n
+480N2 − 120N3 + 600n2 − 240n3 − 12N3n4 +N4n4
−60N2n3 + 144Nn3 + 54N3n2 − 90N3n+ 66N2n4 − 144Nn4
−2N4n3 + 5N4n2 − 4N4n+ 120n4
)
,
J4 = 30n
(
N − 2
)(
9N2n2 − 180Nn − 36Nn2 + 36N2n+N3n3
+120N − 120n + 180n2 − 60n3 − 9N2n3 + 36Nn3 − 3N3n2 + 2N3n
)
.
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κ5µ : b =
(
04, 1,−10, 05
)
,
bC−16 = n
(
N − 1
)
2
N−4
(
n− 1
)−1
4
(
J1, J2, J3, J4, J5, J6, 0, 0, 0, 0, 0
)
,
J1 = −
(
n+ 1
)(
N − n
)(
n2N2 − 12n2N + 12n2 + 15nN2 − 60nN
+180n − 4N2 − 72N − 48
)
N−1
(
n− 5
)−1
,
J2 = 15
(
N − n
)(
n3N2 − 7nN2 + 4N2 + 2n2N2 − 8n3N + 72N
−16nN + 24n2 + 12n3 + 48− 84n
)
N−1
(
n− 5
)−1
J3 = 10
(
N − n
)(
n3N2 + 5nN2 − 4N2 − 2n2N2 + 30nN − 6n3N − 72N
−48− 24n2 + 12n3 + 60n
)
N−1
(
n− 5
)−1
,
J4 = −30
(
N − n
)
n
(
n2N2 − 3nN2 + 2N2 + 12nN + 6N − 6n2N
+12n2 − 36n + 24
)
N−1
(
n− 5
)−1
,
J5 = n
(
n2N2 − 12n2N + 12n2 + 60n + 5nN2 − 60N
)
,
J6 = −10n
(
n2N2 − nN2 − 6n2N + 12N − 12n+ 12n2
)
.
κ4µ
2 : b =
(
06, 1,−3, 03
)
,
bC−16 = n
(
N − 1
)
N−5
(
n− 1
)−1
5
(
J1, J2, J3, J4, J5, J6, J7, J8, 0, 0, 0
)
,
J1 =
(
N − n
)(
24 + 174Nn − 28N2n2 + 84Nn2 − 83N2n+ 24N − 66n− 56N2
+4N3 − 96n2 − 6n3 + 6Nn3 −N2n3 + 2N3n2 + 18N3n
)
,
J2 = −
(
N − n
)(
− 210Nn − 90N2n2 + 198Nn2 − 69N2n+N3n3 − 360N + 630n
+360N2 − 60N3 − 180n2 − 90n3 + 84Nn3 − 21N2n3 + 15N3n2 + 20N3n
−360
)
,
J3 = −2
(
N − n
)(
− 26N2n2 − 30Nn + 6Nn2 + 59N2n+ 120N − 150n − 100N2
+20N3 + 60n2 − 30n3 − 5N2n3 + 24Nn3 + 7N3n2 − 15N3n+ 120
)
,
J4 = 3n
(
N − 2
)(
N − n
)(
3N2n− 12Nn2 + 12Nn+ 30n2 − 90n + 30N + 60
−10N2 +N2n2
)
,
J5 = −2N
(
n− 5
)(
N − n
)(
N2n2 + 5N2n− 18Nn − 6Nn2 − 12N + 6n2 + 30n
)
,
J6 = 4N
(
n− 5
)(
N − n
)(
5N2n2 − 5N2n+ 18Nn− 24Nn2 + 12N + 30n2
−30n
)
,
J7 = N
2
(
n− 4
)
2
(
N2n2 − 6Nn2 + 6n2 +N2n+ 6n − 6N
)
,
J8 = −3N
2
(
n− 4
)
2
(
−N2n− 4Nn2 + 6n2 + 6N − 6n+N2n2
)
.
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κ4κ2 : a =
(
0, 1, 0,−3
)
,
aC−1−−6 = n
(
N − 1
)(
n− 1
)−1
5
N−5
(
J1, J2, J3, J4
)
,
J1 = −
(
N − n
)(
24− 16N2n2 + 24Nn + 84Nn2 − 5N2n+N3n3 + 24N − 66n
+4N2 + 4N3 − 96n2 − 6n3 − 7N2n3 + 12Nn3 + 2N3n2 − 7N3n
)
,
J2 = −93N
2n2 + 990Nn − 120N2n+ 24N3n3 − 360N + 360n − 360N2 − 60N3
−630n2 − 60N4 + 180n3 − 14N3n4 +N4n4 + 48N2n3 − 72Nn3 − 121N3n2
+255N3n+ 57N2n4 − 126Nn4 − 10N4n2 + 45N4n+ 90n4,
J3 = 2
(
N − n
)(
58N2n2 + 30Nn− 66Nn2 − 85N2n+ 2N3n3 + 120N − 150n
+20N2 + 20N3 + 60n2 − 30n3 − 17N2n3 + 36Nn3 − 5N3n2 − 5N3n+ 120
)
,
J4 = −3n
(
N − 2
)(
9N2n2 − 90Nn − 18Nn2 + 8N2n+N3n3 + 60N − 60n − 20N3
+90n2 − 30n3 − 5N2n3 + 18Nn3 − 7N3n2 + 20N3n
)
.
For N =∞,
κ4 : a =
(
1,−3
)
,
aC−1−−4 = n
2
(
n− 1
)−1
3
(
n+ 1,−3
(
n− 1
))
.
κ5 : a =
(
1,−10
)
,
aC−1−−5 = n
3
(
n− 1
)−1
4
(
n+ 5,−10
(
n+ 1
))
.
κ4µ : b =
(
0, 0, 1,−3, 0, 0, 0
)
,
bC−15 = n
2
(
n− 1
)−1
4
(
J1, J2, J3, J4, 0, 0, 0
)
,
J1 = −
(
n+ 5
)
,
J2 = 10
(
n− 1
)
,
J3 =
(
n+ 1
)(
n− 4
)
,
J4 = −3
(
n− 1
)(
n− 4
)
.
κ6 : a =
(
1,−15,−10, 30
)
,
aC−1−−6 = n
2
(
n− 1
)−1
5
(
J1, J2, J3, J4
)
,
J1 =
(
n+ 1
)(
n2 + 15n − 4
)
,
J2 = −15
(
n+ 4
)(
n− 1
)2
,
J3 = −10
(
n2 − n+ 4
)(
n− 1
)
,
J4 = 30n
(
n− 1
)
2
.
κ5µ : b =
(
04, 1,−10, 05
)
,
bC−16 =
(
J1, J2, J3, J4, J5, J6, 0, 0, 0, 0, 0
)
,
J1 = −n
(
n+ 1
)(
n2 − 4 + 15n
)(
n− 1
)−1
5
,
J2 = 15n
(
n+ 4
)(
n− 1
)(
n− 2
)−1
4
,
J3 = 10
(
n2 − n+ 4
)
n
(
n− 2
)−1
4
,
J4 = −30n
2
(
n− 3
)−1
3
,
J5 = n
3
(
n+ 5
)(
n− 1
)−1
4
,
J6 = −10n
3
(
n− 2
)−1
3
.
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These expressions for κ4, κ5, κ6 agree with Fisher’s: see equation (12.28) of Stuart and Ord
(1987). The UE for κ4µ above can be derived from κ41 = κ4κ1 − κ5/n at the top of page 6
of Wishart (1952).
Appendix E
Set Sa =
n∑
1=1
Xai , sa =
N∑
i=1
xai . Here, we extend the table of Skellam (1949) for ESa1 · · ·Sar
in terms of {sa} up to r = 6. We exclude the cases where a1, . . . , ar are all the same or all
different.
ES2aSb = λ3sa+b+c + λ12
(
s2asb + 2sa+bsa
)
+ λ13s
2
asb,
ES2aSbSc = λ4s2a+b+c + λ13
( 2∑
s2a+bsc + 2sa+b+csa
)
+λ22
(
s2asb+c + 2sa+bsa+c
)
+λ122
(
s2asbsc + sb+cs
2
a + 2
2∑
sa+bsasc
)
+ λ14s
2
asbsc,
ES2aS
2
b = λ4s2a+2b + 2λ13
(
s2a+bsb + sa+2bsa
)
+ λ22
(
s2as2b + 2s
2
a+b
)
+λ122
(
s2as
2
b + s2bs
2
a + 4sa+bsasb
)
+ λ14s
2
as
2
b ,
ES3aSb = λ4s3a+b + λ13
(
s3asb + 3s2a+bsa
)
+ 3λ22s2asa+b
+λ122
(
3s2asasb + 3sa+bs
2
a
)
+ λ14s
3
asb,
ES4aSb = λ5s4a+b + λ14
(
4sas3a+b + sbs4a
)
+ λ23
(
4sa+bs3a + 6s2as2a+b
)
+λ123
(
4s3asasb + 6s2a+bs
2
a
)
+ λ122
(
3s22asb + 12sa+bs2asa
)
+λ132
(
6s2as
2
asb + 4sa+bs
3
a
)
+ λ13s
4
asb,
ES3aS
2
b = λ5s3a+2b + λ14
(
3sas2a+2b + 2sbsb+3a
)
+λ23
(
3s2asa+2b + s2bs3b + 6sa+bs2a+b
)
+λ123
(
s3as
2
b + 6s2a+bsasb + 3sa+2bs
2
a
)
+λ122
(
3s2bs2asa + 6s
2
a+bsa + 6s2bsa+bsb
)
+λ132
(
s2bs
3
a + 6sa+bs
2
asb + 3s2asas
2
b
)
+ λ15s
3
as
2
b ,
ES3aSbSc = λ5s3a+b+c + λ14
(
3s2a+b+csa +
2∑
s3a+csb
)
+λ23
(
s3asb+c + 3
2∑
s2a+bsa+c + 3sa+b+cs2a
)
+λ123
(
s3asbsc + 3
2∑
s2a+bsasc + 3sa+b+cs
2
a
)
+λ122
(
3
2∑
s2asa+bsc + 3s2asb+csa + 6sa+bsa+csa
)
+λ132
(
sb+cs
3
a + 3
2∑
sa+bscs
2
a + 3s2asbsc
)
+ λ15s
3
asbsc,
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ES2aS
2
bSc = λ5s2a+2b+c + λ14
(
s2a+2bsc + 2
2∑
sa+c+2bsa
)
+λ23
( 2∑
s2a+cs2b + 2
2∑
s2a+bsb+c + 4sa+b+csa+b
)
+λ123
( 2∑
s2b+cs
2
a + 2
2∑
sa+2bsasc + 4sa+b+csasb
)
+λ122
(
s2as2bsc + 2
2∑
s2asb+csb + 2s
2
a+bsc + 4
2∑
sa+bsa+csb
)
+λ132
( 2∑
s2as
2
bsc + 4sa+bsasbsc + 2
2∑
sa+csas
2
b
)
+ λ15s
2
as
2
bsc
)
,
ES2aSbScSd = λ5s2a+b+c+d + λ14
( 3∑
s2a+b+csd + sa+b+c+dsa
)
+λ23
(
s2asb+c+d + 2
3∑
sa+bsa+c+d+e +
3∑
sb+cs2a+d
)
+λ123
(
s2asb+c+d + 2
3∑
sasbsa+c+d +
3∑
sbscs2a+d
)
+λ122
(
3
3∑
sasa+bsc+d + 2
3∑
sbsa+csa+d
)
+λ132
(
s2asbscsd + 2
3∑
sa+bsascsd +
3∑
s2asb+csd
)
+ λ15s
2
asbscsd,
ES5aSb = λ6s5asb + λ15
(
5sas4a+b + sbs5a
)
+ 5λ24
(
sa+bs4a + 2s2as3a+b
)
+10λ33s2a+bs3a + 5λ124
(
s4asasb + 2s3a+bs2a
)
+10λ123
(
2s3asa+bsa + 3s2a+bs2asa + s3as2asb
)
+ 15λ23s
2
2asa+b
+10λ133
(
s3as
2
asb + s2a+bs
3
a
)
+ 15λ1222
(
2s2asa+bs
2
a + s
2
2asbsa
)
+5λ142
(
2s2as
3
asb + sa+bs
4
a
)
+ λ16s
5
asb,
ES4aS
2
b = λ6s4a+2b + 2λ15
(
sas3a+2b + sbs4a+b
)
+ λ24
(
8sa+bs3a+b
+6s2as2a+2b + s2bs4a
)
+ 2λ33
(
3s22a+b + 2sa+2bs3a
)
+λ124
(
8s3a+bsasb + 6s2a+2bs
2
a + s4as
2
b
)
+ 4λ123
(
6s2a+bsa+bsa
+3sa+2bs2asa + 3s2a+bs2asb + s3as2bsa + 2s3asa+bsb
)
+3λ23
(
4s2a+bs2a + s
2
2as2b
)
+ 4λ133
(
3s2a+bs
2
asb + s3asas
2
b + sa+2bs
3
a
)
+3λ1222
(
s22as
2
b + 2s2as2bs
2
a + 4s
2
a+bs
2
a + 8sa+bs2asasb
)
+λ142
(
8sa+bs
3
asb + 6s2as
2
as
2
b + s2bs
4
a
)
+ λ16s
4
as
2
b ,
ES3aS
3
b = λ6s3a+3b + 3λ15
2∑
sas2a+3b + 3λ24
(
sa+bs2a+2b +
2∑
s2asa+3b
)
+λ33
(
sa+2bs2a+b + s3as3b
)
+ 3λ124
(
3s2a+2bsasb +
2∑
sa+3bs
2
a
)
+3λ123
( 2∑
s3bs2asa + 3
2∑
sa+2bs2asb + 6
2∑
sa+2bsa+bsa
)
+3λ23
(
2s3a+b + 3sa+bs2as2b
)
+ λ133
(
9
2∑
s2a+bsas
2
b +
2∑
s3bs
3
a
)
+9λ1222
(
s2bs2asasb + 2s
2
a+bsasb + sa+b
2∑
s2as
2
b
)
+3λ142
(
3sa+bs
2
as
2
b +
2∑
s2asas
3
b
)
+ λ16s
3
as
3
b ,
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ES4aSbSc = λ6s4a+b+c + λ15
(
4sas3a+b+c +
2∑
s4a+bsc
)
+ λ24
(
4
2∑
sa+bs3a+c
+6s2as2a+b+c + sb+cs4a
)
+ 2λ33
(
2sa+b+cs3a + 3s2a+bs2a+c
)
+λ124
(
4sa
2∑
s3a+bsc + 6s2a+b+cs
2
a + s4asbsc
)
+2λ123
(
2s3a
3∑
sa+bsc + 6sa+b+cs2asa + 3s2a
2∑
s2a+bsc
+6sa
2∑
s2a+bsa+c
)
+ 3λ23
(
4s2asa+bsa+c + s
2
2asb+c
)
+2λ133
(
2s3asasbsc + 3s
2
a
2∑
s2a+bsc + 2sa+b+cs
3
a
)
+3λ1222
(
4s2asa
2∑
sa+bsc + s
2
2asbsc + 2s2asb+cs
2
a + 4sa+csa+bs
2
a
)
+λ142
(
6s2as
2
asbsc + 4s
3
a
2∑
sa+bsc + sb+cs
4
a
)
+ λ16s
4
asbsc,
ES3aS
2
bSc = λ6s3a+2b+c + λ153sas2a+2b+c + 2sbs3a+b+c + scs3a+2b
+λ24
(
6sa+bs2a+b+c + 3sa+cs2a+2b + 3s2asa+2b+c + 2sb+cs3a+b
+s2bs3a+c
)
+ λ33
(
6sa+b+cs2a+b + 3sa+2bs2a+c + s3as2b+c
)
+λ124
(
6s2a+b+csasb + 3s2a+2bsasc + 3sa+2b+cs
2
a + 2s3a+bsbsc
+s3a+cs
2
b
)
+ λ123
(
3s2b+cs2asa + 3sa+2bs2asc + 3s2a+cs2bsa
+12sa+b+csa+bsa + 6s2a+bsa+csb + 6s2a+bsa+bsc + 6s2a+bsb+csa
+6sa+2bsa+csa + 6s2a+csa+bsb + 6sa+b+cs2asb + s3as2bsc
+2s3asb+csb
)
+ 3λ23
(
2s2a+bsa+c + 2sa+bs2asb+c + s2asa+cs2b
)
+λ133
(
6s2a+bsasbsc + 6sa+b+cs
2
asb + 3s2a+csas
2
b + 3sa+2bs
2
asc
+s2b+cs
3
a + s3as
2
bsc
)
+ λ1222
(
3sa+cs2as
2
b + 3sa+cs2bs
2
a
+3s2as2bsasc + 6s
2
a+bscsa + 6sb+csa+bs
2
a + 6sa+bs2ascsb
+6sb+cs2asasb + 12sa+csa+bsa+b
)
+ λ142
(
6sa+bs
2
asbsc
+3s2asas
2
bsc + 3sa+cs
2
as
2
b + 2sb+cs
3
asb + s2bs
3
asc
)
+ λ16s
3
as
2
bsc,
ES2aS
2
bS
2
c = λ6s2a+2b+2c + 2λ15
3∑
sasa+2b+2c + λ24
(
4
3∑
sa+bsa+b+2c
+
3∑
s2as2b+2c
)
+ 2λ33
(
2s2a+b+c +
3∑
sa+2bsa+2c
)
+λ124
(
4
3∑
sa+b+2csasb +
3∑
s2a+2bs
2
c
)
+ 2λ123
(
4sa+b+c
3∑
sa+bsc
+2
6∑
s2a+bsb+csc +
6∑
sa+2bs2csa
)
+ λ23
(
2
3∑
s2a+bs2c
+8sa+bsa+csb+c + s2cs2as2b
)
+ 2λ133
(
4sa+b+csasbsc
+
6∑
sb+2cs
2
asb
)
+ λ1222
(
8
3∑
sb+csa+bscsa + 4
3∑
s2csa+bsbsa
+
3∑
s2bs2as
2
c + 2
3∑
s2a+bs
2
c
)
+ λ142
(
4
3∑
sa+bsasbs
2
c
+
3∑
s2as
2
bs
2
c
)
+ λ16s
2
as
2
bs
2
c ,
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ES2aS
2
bScSd = λ6s2a+2b+c+d + λ15
(
2
2∑
sasa+2b+c+d +
2∑
scs2a+2b+d
)
+λ24
(
4sa+bsa+b+c+d + 2
4∑
sa+csa+2b+d +
2∑
s2as2b+c+d
+sc+ds2a+2b
)
+ λ33
(
4sa+b+csa+b+d + 2
2∑
sa+2bsa+c+d
+
2∑
s2a+cs2b+d
)
+ λ124
(
4sa+b+c+dsasb + 2
4∑
sascsa+2b+d
+
2∑
s2as2b+c+ds
2
a + s2a+2bscsd
)
+ λ123
( 4∑
s2ascs2b+d
+2
4∑
sas2b+csa+d + 4sa+b
2∑
scsa+b+d + 4
4∑
sasb+csa+b+d
+2
4∑
scsa+2bsa+d + 2sc+d
2∑
sasa+2b + 4sa+b
2∑
sasb+c+d
+2
2∑
sas2bsa+c+d
)
+ λ23
(
2s2a+bsc+d + 4
2∑
sa+bsa+csb+d
+2
2∑
s2asb+csb+d + s2as2bsc+d
)
+ λ133
(
4
2∑
sasbscsa+b+d
+2
2∑
s2asbsb+c+d + 2
2∑
sascsdsa+2b +
4∑
s2ascs2b+d
)
+λ1222
(
2
4∑
s2ascsbsb+d + 2
2∑
s2asb+csb+d
+sc+d
2∑
s2as2b + 4
4∑
sa+bsb+dsasc + 4
2∑
sa+dsb+csasb
+4sasbsc+dsa+b + 2scsds
2
a+b + s2as2bscsd
)
+λ142
(
4sa+bsasbscsd + 2
4∑
s2asbscsb+d + sc+ds
2
as
2
b
+scsd
2∑
s2as
2
b
)
+ λ16s
2
as
2
bscsd,
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ES3aSbScSd = λ6s3a+b+c+d + λ15
(
3sas2a+b+c+d +
3∑
sbs3a+c+d
)
+λ24
(
3
3∑
sa+bs2a+c+d + 3s2asa+b+c+d +
3∑
sb+cs3a+d
)
+λ33
(
3
3∑
s2a+bsa+c+d + s3asb+c+d
)
+ λ124
(
3sa
3∑
sbs2a+c+d
+3s2asa+b+c+d +
3∑
sbscs3a+d
)
+ λ123
(
s3a
3∑
sbsc+d + 3sas2asb+c+d
+3s2a
3∑
sbsa+c+d + 6sa
3∑
sa+bsa+c+d + 3sa
3∑
sb+cs2a+d
+3
6∑
sbsa+cs2a+d
)
+ 3λ23
(
s2a
3∑
sa+bsc+d + 2sa+dsa+bsa+c
)
+λ133
(
3sa
3∑
s2a+bscsd + 3s
2
a
3∑
sa+b+csd + sb+c+ds
3
a
+s3asbscsd
)
+ 3λ1222
(
s2a
3∑
sbscsa+d + 2sa
3∑
sbsa+csa+d
+s2a
3∑
sa+bsc+d + sas2a
3∑
sbsc+d
)
+ λ142
(
3s2asasbscsd
+3s2a
3∑
sbscsa+d + s
3
a
3∑
sbsc+d
)
+ λ16s
3
asbscsd,
ES2aSbScSdSe = λ6s2a+b+c+d+e + λ15
(
2sasa+b+c+d+e +
4∑
sbs2a+c+d+e
)
+λ24
(
2
4∑
sa+bsa+c+d+e + s2asb+c+d+e +
6∑
sb+cs2a+d+e
)
+λ33
(
2
3∑
sa+b+csa+d+e +
4∑
s2a+bsc+d+e
)
+λ124
(
2sa
4∑
sbsa+c+d+e + sb+c+d+es
2
a +
6∑
s2a+d+esbsc
)
+λ123
(
2
12∑
sbsa+csa+d+e + s2a
4∑
sbsc+d+e + 2sa
6∑
sb+csa+d+e
+2sa
4∑
sa+bsc+d+e +
12∑
sbsc+ds2a+e
)
+ λ23
(
2
6∑
sa+bsa+csd+e
+s2a
3∑
sb+csd+e
)
+ λ133
(
2sa
6∑
sbscsa+b+c + s
2
a
4∑
sbsc+d+e
+
4∑
s2a+bscsdse
)
+ λ1222
(
2
6∑
sbscsa+dsa+e + s2a
6∑
sbscsd+e
+s2a
3∑
sb+csd+e + 2sa
12∑
sbsa+csd+e
)
+ λ142
(
2sa
4∑
sa+bscsdse
+s2a
6∑
sb+csdse + s2asbscsdse
)
+ λ16s2asbscsdse.
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